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Editor's Foreword 



"Problem solving" corij'ures up a variety of ideas, probably, ranging 
Worn "word problems" to "heuristics", from "low scores on achlevemertt 
tests" to "awfully difficult to know how to teach". 

Linda Brandau and Jack *Easley step aside from these conventional 
Interpretdtions in this book to discuss the basic meaning for child 
and teacher: how to get an answer to that to which one does not know 
an answer I Using computation as the .vehicle, they discuss two types . 
of problem solving, providing real-life illustrations. Thus, It is 
apparent that their ideas and their practical suggestions for teachers 
are drawn from what goes on in classrooms — and can, in turn,- be 
applied ^n classrooms. 

Real teachers should be able to help real children better as they 
consider the ideas in thig book — and put them to the test, one step 
at a time, with-the children they are teaching. In .the process, we may 
learn about how to help children solve word problems as well as other 
types of instructional problems. 

We at ERIC/SMEAC are pleased to publish this book. Try It: we 
hope you'll learn from it! 
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Marilyn N. Suydam 
Edlpof" 



.To all the teachers and children who are graciously help- 
ing us understand their world. / 
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Introduction 

"Problem solving is at the heart of doing mathematics." 

How often have we read or 'heard statements like that?^ Al- 
most every convention, "professional journal, workshop, or textbook 
mentions the importance of problem solving as a goal in mathemat- 
ics education. 

Even with a long history of this, kind of emphasis, recent 
reports from the National Assessment of Educational Progress 
(NAEP, T979; Newsweek, Sept. 24, 1^79) show (that problem solv- 
ing skills have declined from 1973 to 1918. The question seems to 
be: Why can children compute but not apply their knowledge to 
solving problems? (Bell, 1978). Elementary school teachers may 
reafize that this means performance on word or story problems. 
However, some- of them may not realize that many junior high 
school topics like approximations, proofs in high school geometry 
and trigonometry, and setting up functions in college calculus 
depend on a kind of mathematical problem solving whose occurrence 
may be quite rare in elementary schools. We will explore what it 
is and how it relates to the difficulties elementary students have 
with all kinds of problems. 

We will also consider questions concerning the feasibility in 
most classrooms of problem solving activities suggested by authors 
in professional journals. (We are referring to the two features in 
each issue of the Arithmetic Teacher titled "Let's Do It" and 
"IDEAS." Similar game activities are suggested in each issue of 
Learning , under the titles of "Idel Place" and "Swap Shop.") 
Teachers who try to teach this kind of problem solving may com^ 
away with a feeling of frustration. Part of thit frustration comes 
from the realities of everyday classroom life that take precedence 
over many supplemental' activities that may be planned. 

In the early studies of Brownell, Buswell, and others, compu- 
tation was , studied as a prbb\elt\ solving phenomenon and meaningful 
instruction was found necessary for good performance. The influ- 
ence of the psychQiogical and philosophical tradition (Dewey, 1933; 



Polya, 1957; Hadamard, 1945; Wallas, --1926; etc.) seems to have led 
research on arithmetical problem solvmg away from computation and 
treated verbal (story) problem solving instead. So computation 
was left to a few- researchers -(like VanEngen & Gibb. 1956) and 
information processing psychologists (like Supjaes, 196V; Greeno, 
1973; Resnick, 19/6). Recent surveys of "problem solving re- 
search" (Lester, 1977; Kilpatrick, 1969; Hollander, ' 1978a, b) treat 
only verbal- problem solving, and often .(as'in the collection of 
problems by Nelson and Kirkpatrick, 1975) refer only to non-tradi- 
tional problem forms, similar ih a way to the pennies problem that 
will be discussed in Part II. Because teachers in elementary 
schools tend to call computation "problem solving" and because 
computation, problems are oftpn quite difficult problems for children 
to solve (arid especially to knovy whether they have really . solved 
them or not), we have chosen to seek a larger meaning of the 
term. " ' . 

It is because -of our concern over the REAL day-to-day prob- 
lems, (of teachers and students) that this paper 'gives little atten- 
tion to "word of story problems" and- concentrates primarily on 
problems involved with computation. Too often the constraints of 
teaching are swept under the rug because giey appear trivial or 
not relevant 'to theories>'of learning or theorifs of pVoblem solving. 
But for the elementary school classroom teacher, who has to make 
assignments to a classroom full of active children, the constraints 
of ftaching may be far more important than theories of problem 
solving. In a theoretical discussion, a problem solving activity 
npi^y sound great, but in' a class of 25 children there are so many 
iBvieJits to attend to that nearly anyone would have trouble using 
iM activity. It doesn't fielp .to say, "You should have those kids 
under control." If you hafve those 25 kids working on problems 
they haven't previously learned how to work, there's likely to be 
some kind of trouble. , * 

This paper is divided into three parts. 'Part I connects the. 
reality of the classroom- with the idealism which arises from- some of 
the problem solving literature. In doing so, it is argued that a 
broader concept of problem solving is needed to provide a suitable 
perspective for bridging the gap between the jpnceptions of prob- 
lem solving in the literature and typical clasrSj'oom practice. Part 

II examines what different things "problem solving" .might reason- 
ably mean in the C9nte><t of the elementary school classroom. , Part 

III considers how children can be assisted in understanding the 
nonarbitrary. character of rules of arithmetic by examining the con- 
nectedness of mathematical ideas, rules, and procedures. \t is in 
this third part ^ that various suggestion s - are> made^ for what vv€ hope 
are realistic, needed improvements. 



PART I 

• ft 

CONNECTING THE IDEAL. WITH THE REAL 

^ ^ ^ • ■ 

As one enters the doorway there are two tables of five chih 
dren each, on the right. Each child seems to be busily working an 
a page in a workbook. On the left, the teacher, Ms. James, \s 
sitting at a table working with five other children. The childre'n 
are about six years old. One girl (Jane) is working on filling in 
"boxes" for problems like 

6 + 1 = .£7 9 - 6 = £7 

and , ^ 

1 + Z7 = 7 .9-0 = 6' 

The page has more of these, arranged in pairs like this. She has 
completed the page and has her hand raised. The teacher walks 
over to Jane's table, perhaps because sevei^al children seated there 
have their hands, raised, and perhaps because they are getting 
noisy. This leaves the children at the table across the room witb 
no supervision. 

Teacher: Yes, Jane? * 

Jane: Do I have these problems right? 

■ ■ • ' •' . 

Teacher(silently looks over Jane's paper): You did very 
J well, Jane. I'm going to put a little mark by the 
few that are' W£png. • Like this one here. (She 
points to 7 - ^12J\ - 3.) Can you tell me how you 
would do this problem? 

(Jane erases the 3 in the box and gives the teacher t quizicai 
look.) 

Teacher: You have a seven here and a three here (points to 
, -! = : the 7 and 3)>and^a minus sign. How do'you find 

, ? the humber that goes in the box? Hpw do you 

: think about the problem?. 

Jane:^ You' have 7, and after you take some away, you 
have 3. , (Jane puts up 7 fingers using both hands- 
She, then puts some down and leaves 3 9tili up. 
Then she cdunts the number of fingers She put 
'doKj/n and writes a 4 in the box.) 

' ' A boy (Peter) Is waving his hand* wildly to get the teacher's 
attention. The teacher looks; at hirn/per.haps wortdering whether 



to leave Jane on her own to respond to Peter., What else can she' 
do? But what a. shame! ' The page Jane is working on has some 
perfect opportunities fof talking afcout the- relatedness of addition 
and subtraction--problems like 7 - 6 = 1 and 6 + 1 =.7. Bgt that 
won't get done. Too/many things are happening at ohce. 

Noise is starting to float across' the room from that tabXe on; 
the other side. ^The children seem to be finished with th*eir activ- 
ity. The teacher notices. - ' . ' f 

Teacher: I know you're done over there. Find a. game to 
play with while I help the people here. We'll all 
Vg^^ together in a few minutes. 

Peter: H€y,\Ms. James, I heed your help. 

Teacher (to Janfe):" You go on and fix those other , ones. 
/ You'rel doing fine; I have to help Peter. 

• H 

P6ter: I don't know if I'm doing these right. 

(He's doing a page of_vertical format problems like 
3 tWhere the /_/ is in, differ;ent places 'ancl 

•*• O where some of the problems arevsubtKac- > 

• tion. He has many mistakes. FoV- thil^ 
^ ^ one he. has a 9 in the box. For the ones;:- 

with a minus sign, he has added. U's:^)||i,;i;, 
if he has. mechanfcally added the t^'O 
numbers in the problem no mattiBf* where- 
they appear. ) 

n ■ ' * ■ 

Teacher; Peter, look at this problem, {^he points to 3.) 



What does it ask you to do? 



Peter: Add. • ' 

Teacher: What is. the 6? " - , ' . 

Peter: The answer. ' . 

, * * * • . . ■ • • 

Teacher: O.K., let's think about the problem. You have 
three of something and get some more and then 
y have six in all. The mystery number js. how .many 
you got. * - / 

. ■• ■ • «• » . • . ■ - 

(Peter is silent and looks, puzzled. ). 

Teacher:' Let's use these dominoes. . I'm going to take jout 3 
of them and put them here. Now I'm taking* out 6, 
of them and putting them here (by her right ijiand), 
'cause that's the answer. 



seat. 



Peter: You have 9 of them. ^ 

Teacher: Right, but that's, not the 'problem^' we're trying to 
: do.. I want to l<now how many I dan put, with these 
3 here to get 6 over* here. ] / 

(Peter takes 3 from the pile of 6 by her right hand and 
moves them Over to the other 3.) . . : 

Teacher: No, we can't do that. Those 6 have to stay over 
* there i You have to find out how many new ones I 
need to take so that the pile .on the left is the same 
as.the pile on the- right. ' — 

Peter: Oh, I see! (He takes 3 dominoes from the can and 
puts them on the left.) | 

Teacher: So how do you fill jn the box on the page? ^ 
Peter: . I put a 3? 

Ellie is wildly waving her hand and starts to. jump out of her 



, Teactjar: "Kiqht. Now .you do some more of those while I 
help Ellie. (She turns to Ellie.) Let's see how 
you're dqing on those numbfer line jumps. Nooon.'.3 
+ .2 doesn't equal 3.' 
■■• ' ' ' i ' ' 

Ellie is working on a workbook page that has this iample at 
the top. ^ ' 

2+1=3 

Q n 2~^3 '4 § 

The probiems below the sample ,ar6 addition problems with the 
bl^nk at the right and a number line on which she has to draw' the 
arrow. Ellie. has done many of the problems wrong, sometimes 
jumping the incorrect number of times, sometimes starting at the 
wrong place. ^ . 

Teacher: Remember, th.f first hiJmber on the Teft tells you 
W^ere to start.^ Let's erase this. (She erases the 
arrow Ellie had^drawn for 3 f 2.) Put your pencil 
. * . on the 3. " { 

K * 

(EUie does so/) 

■ 7 

Now the 2 tells how many to jump, so* count, one, 
two. (Slj^e draws the arrow.) Wherfe did I Hand? 



/ 

Teacher: Put the 5 as your - answer- over here. • (She Dpints 
to the space after 3 + 2 = . ) \ ' ' ^ 

(Ellie writes the 5 where, she's told to.) 

Teacher: Now ybd try one yourself. ,| haveXto^ go to the 
tabl^ over there. 
• ^ ♦ * 
The teacher walks td the other side of the room.' Elli^ is try- 
ing to do some problems on her own, but Is still baving trouble 
She mutters, "Boy, these are too hard for me.-" 
. • .. • ' ■• 

Tom comes over to Peter and looks at his work. He is doing 
subtraction problems like 




. 6 

1 



D 

- 4 • 



Peter asks Tom for h^lp. Tom says,- "Those are easy.. can do 
them Jn my head. Here, are the answers." Peter fills in Tom's 
empty boxes. - • . 



Teacher: O.K., let's have everyone put away your books 
It's time to do something together. 



Vhere is, a great commbtipn and bustle as children move 
around. They eventually go to the center of the room and all. are 
seated on. the rug in front of the teacher. 



Teacher: 



Shh..., quiet, so we can start. Tom. . . Peter... 
O.K. I'm going to put ^ithis.^ container down here 
(places a plastic bowl on the rug), and I'm going to 
drop some x:hi(ps, one by one, into it. Vbu are. to 
close your eyes and when you think you know how 
many chips I've dropped, raise your hand. O.K., 
now I need ,qu<et.^ All eyes closed? Judy, close 
your eyes. O.K., I'm goihg to start! (She drops 
6 chips, one at a time^ then stops). 



Terry: 



1 * 

Teacne'r: Oh, I won't call on anyone who says it. Jane? 



Jane: 
Teacher; 



6. 



Let's see if that's right. (She dumps out the 
chips on the rug. ) Let's have Jane count them and 
we'll watch to see what she gets. . Now count them 
by moving them one at a time. 



Jane: 



On«. . .two.', .three. . .four. . .five, 
one by one as she counts). 



six- (moves them 



Teacher: Is she. right? ' . . .* • 

^ All: Yes. • ' , . y 

Teacher: Let's do another one, > Close your eyes now. (She 
-drops 11 ^h4R,s Ahls time.) Count to yourself, In 
your head , Terry, . not out l.oudr , How many were 
there, Terry? ' ' ; 

Jerry: 11. * f \ . 

Teacher: Mike, you count them and see if Terry's right. 

Let's see Jf Mike counts, them as I told ybu to. 

^(iffke counts them aloud- and all watch '*as he moves the chips 
one by one.) - ^ & 



Teacher: Gooki, Mike. Let's df another one. Close your 
eye^. (She drops 8 <ihlps in.) ^ - 

Dan:- $. ' , 

Teacher: jNow I'm going to have to do this all oyer and think 
of another number, ^cause someone said it. (She 
starts to drop chips. J 

* " ' ' ■ ■ 

Josie: Look, Mike is watching ybu drop th^ chips. 

Teacher: And why aren't your eyes closed, Josie? Let's 
start over again . (She drops 7- chips in, one by 
one.) I. like the way' EIHe is sitting, nice and 
quiet. How many, Ell.ie? • ' 

Ellie: -6, ' , v 

Teacher: Jane? 

Jane: 7. - * . 

Teacher: ' Ellie, let's couht them. (She dumps out the chips.) 

One. .. two. ..three. . .four. . .five., .six. . . (She 
looks at clock.) O.K. time to go soon. Let's line 
up by the door quietly now! ' 



This section of the paper sets the- stage for whpt is to come. 
The above "slice of real classroom life" permits us to discuss' the 
three major strands that run throughout the rest of the paper: 
the relationship of the ideal to the real, the negative effects of 
just teaching rules, and, procedures,, and broadening the concept of 
problem solving. " . 

V V 



tn«« teacher in ttje above sciRe, a- friend of ours, read 'that 
tnanscript and certimehted, "At first, my >heart jdst sank! Wh^t 
^ J"^^ u? "^^^^ ^^^t I wished 'wasn't going on." 

•rH^T^ f ?u -havt similar reactions to -, tran- 
scripts of. their own teaching. These reactions reflect the dichot- 
omy between our ideals and the reality of the situation. That is, 

^t«T»? . ^''^ grandiose plans, but they go awry when we get 
into the classroom. ^ .07 w 

.K.. ^^"^ can we reconcile this 'difference? One way is to realfze 
Hr^I !r ''^^•M■^ we may never live up.to pur ideals, but at the same 

Imhiw^f H "t®"^ ^^^^S '"^^^'^ ^° ^^'''^^ Some teachers react 

ambivalently when reading suggestions • given In the professional 
iVirT 1 " to what they should be doing: "Vou read that stuff 
from the Journals and. you realize you're doing none of that; It 
makes you feel like a complete failure; and,yet that's afways what 
you re working towards. " Although we may'tjcilays be striving for 

fh! H.1f ' ^r^^ 'Jttle pieces of„th5t ideal in the reality of 

the daily school situation. - - : ^ 

' ." ■ ■ ^ 

In Part III of this p^per, we consider lots of little UEAl" 
alternatives that either- do occur or can dccur In the classroom to 
promote independence of thought and a sense of the connectedness 
of. and the non-arbitV-ary character of arithmetic. There is no 
nrf.H u^®''^''.? ^''^ techniques for improving an oh-going 

practice.. We will mention quite a few , suggestions .specific to 
situations and scenes recorded, in actual classrooms. A list of 
these practical pointers is appended to the paper to assist the 
reader 'in locating them and as ^a reminder of their contextual 
fH^^ 1' "^^y ^^^""^ ^° P°'"t the way for teachers (and 

n^nf^r o'^k'^ ^^'P^"' to teachersf) to generate their own 
pointers Perhaps using ,a tape recorder to record, lessons and 
then selecting troublesome portions for written trahscrlption Ms a- 
way to promote the generation vf apipropriate^ realistic techniques 
as a teacher ^ discusses- the lesson with another teacher, or a re-' 

wJ^•^^'^^'"' °^ ^Wastery pf any craft consists' in 

internalizing a very large number ^ of such pointers so they func- 
tion almost autorrtatica/lyr In <Jally Interaction. VVie first need^o 
recognize such alternatives .to present practice. Then we can see 

Hoc J'^rjL ?^ little alternatives brings .us a little bit 

^Closer to the ldea^. ^ . < - 

,,Mwirf«°T.t ?^S^^ l^^ that Jhe ideal is to have a general problem 
solving attitude when teaching mathematics. But if only that sug- 
*u ^° teachers,, they could understandable react, 

Oh, thats an awfully big change that you're expecting of «rt»e." 
We need to . consider carefully vyhat kinds pf changes are needed, 
fpr what reasons, -and what kinds of changes are realistica^ly pos- 
sible without Ipss of other valuable conditions of schooling. Cog- 
nitively, we can understand why you can't work backwards from a 



• ' I * " , ^ - . . J .... ^ 

-,"blgxhinQe'' pHbposfl/to (Jfet^rhtjn* the little things. that are heed- 
ed to,^accomp<lsr;j .thatJ blfl cfi^Vige. ^It Is much more treasonable- to 
expect that, if lots of little jdhahg^s are presented; teachers would 
choose some of them to try. 'iThey nijght responcf. with, "Oh, I can 
see myself doing some of tho^e." Andpwhen they do > they will be 
broadening their conception (jg problejn solving. 

i ■ • .' . ■ 

Children's Views of Mathematics as a' Set of Arbitrary Procedures 

Later in this paper we.' will deal with some remedies to /help 
prevent* children from developing the yiew that mathematics^ \s a 
.set of arbitrary rules that you just memorize to survive. Some- 
times this view isn't evident until the middle grades (Eriwanger; 
19/4, 1975) or even later, although it may emerge from dependence 
on teachers for checking answers. The following 'Analysis > of the 
problem, called "mathQphobIa" by Lazarus (1974), is especially 
clfear. . * ^ 

. . .mathophobia can pass\hrough a latency stage before 
becoming manifest, .^.consider the pfightVof a high sehbol 

" .„?lydent who has always relied on the m^rhor-rze-wbat-to- 
do approach." Because his grades may have been satis- 
factory, this incipient problem may not be apparent to - 

" • anyone, including himself; he may not even know that 
there is 'any other way to- learn mathematics. But the 
time and effort that his approich demands will Increase - 
- dramatically through '^high school, subjecting the student^ 
to a constantly increasing strain. Moreover, since it has ' 
npw beep some years since he last understood what he 
was doing, he is in no position to switch over to the 
more appropriate* strategy of actually comprehending t+ie 

material... he simply lacks the necessary knowledge ' 

When his grades finally drop, as they must, even his ' 
teachers are unlikely to realia^ that his problem is got 
something new, but./ has been Tn the makihg for years.. ." 
And at this point, it is doubtful that casual, remedial 
work would accomplish much, because- the student needs 
nothing less than a complete reeducation in mathematics. 
(P- 18) _ , . 

Unfortunately, the phenomenoa that Lazarus' describes is 
often true. Some elementary school teachers here reported experi- 
,enclng It themselves.: , But the argument of long-range cumulative 
effects <3f problem solving style is usually the one. given to elemen- 
tary teachers as the reeson that they need to worry about "teach- 
ing for understanding" or "not emphasizing rules and computational 
skills." The Implication is that, if elementary teachers do' their 
job correctly, then students will nOt reach junior or high school 
with a case of"Tnathophob(a." But elementary teachers are tired 
of hearing this argument, and, even w'hen It Is , true-, It Is only 
part of the -story. Certainly, the cumulative effects argument con- 
tributes^ little to help teachers in the ctassrodm every day. 



Teachers need *to,>riow^ some things they can dQ^ now and some 
more immediate reasons 'for worrying about "memorizing what, to 
do." If student difficulties in the. later- grades are the result of 
cumulative effects (and there is no real evidence on this no 
longitudinal studies have been done relatip^ to this Idea), thercf 
must be some signs visible in elementary school pupils that teach- 
ers .can look for. , | ' ^ „ 

Let's take - another look at that classroom scene given on 
pages 3-7.- This tlr^e, let's look for some possible immediate effects 
that can be related to the question: what happens if children 
develop the view that mathematics consists of a set of ARBITRARY 
rules? 

We suspect that the following observations are related to that 
view: - . • j. ' ' . • ^ 

1. The chiJdren (develop a dependence on the teacher for 
correcting their work and fqr c4Ues about when they've 
made errors. One of the clues children learn to listen 
for is when the teacher asks a question like, "Can you 
tell me how you did this problem?" (shown with Jane). 

"' . In fact, when the teacher questions, any exercisfe/ chil- 

dren suspect an error because the ones . not questioned 
usually are correct. a ' 

2. The children learn cues to get the teacher or someone to 
do (or at least show them how to do.) the exercises for 
them, For example, ,the child learns that, if he or she 
is silent for more than a few seconds, the teacher will at 
least give some hints on how to do the problem if not 
actually do it for him or "her (shown with Peter). The 
child also learns to give a brief answer to the teacher's 
questions, and not much more (shown with Peter and 

' Ellie). In that wayf the teacher will provide most of the 
Information needed to do the problem. , ' 

If children are to have the courage to attack hew problems by 
themselves, they need to see connections between ways of working 
mathematics problems. , • 

What is Problem Solving ? ' ^ ' v 

. The words "problem solving" conjuhe up many different mean-' 
Ihgs. Problem solving has been studied by philosophers (e.g., 
Dewey,- 1933), psychologists "(e.^., Duncker, 19215; Werthelmer, 
1959; Newell and Simon, 1972; . Krutetskii , 1976), social psycholo- 
gists (fe.^., Janis and Mann, 1977), mathematicians (e.g., Hada- 
mard, 1945; Polya, 1957), and mathematics educators (at the 
etementary level, e:g., ferownell, 1942; Van Ehgen & Qibb, 1956; 
LeBlanc, 1968; Steffe-, 1968, 1970), and each group tends to take 
a different perspective on th6 meaning of. the term. It Is not "our 



purpose here to tr^ to jbrin© a literature that is so diverse in: 
definitions apd.pointPof view into a coherent frameworK. instead,, 
we want to take a practical ; perspective on solving problems of all 
kinds in the context of • eleirientary^^ool mathematics classrooms. 

In mathematics education, problem solving is usually discussed 
in the context of improving children's thinking abiUty or improving 
teaching to devefop ,a variety of thinking strategies (Cambridge 
Conference, 1963; Traf ton, 1975; NACOME, 1975). It is assumed 
that children will be provided with opportunities for problem 
solving that don't* involve just following rules and ^ procedures. 
Usually such drill-and-practice worksheets .and story problems in 
textbook^ are criticized Jn the problem* solving' literature as pro- 
moting an^ extremely limited view (Freudenthal, 1973; Le'ster, 1978; 
Bell, 1978). What is criticized is the fact that probfems of that 
kind can usually be done by carefully following the right 'firoce- 
dure for the problem type or the fact that solutions to such text- 
book problems almost always have nice wholes numbers (or familiar 
fractions) as answers. It is also said that textbook problems 
promote "psyching out',' the author rather than learning general 
problem solving skills. Furthermore, textbooks are criticized for 
not providing more problems or more guidance in choosing appro- 
priate operations or techniques (Zweng, 1979). Because textbooks 
and worksheets are the mainstay 'of many teachers, the problem 
solving Jiterature may appear to be quite idealistic. Our hope is 
.to bridge this^gap, to bring persons from both points of view into 
communic^ation with each other. 

In order to provide a ^perspective on the differences between 
the literature and much classroom practice, a broader* concept of 
problem solving is needed. vWhat Is there about Ahe scene on 
pages 3-7 that can broaden our perspective about problem solving? - 
There are basically two different kinds of activity occurring within 
the ^cene. In one, thf^ teacher is trying to work with a small 
group of children while the rest of the cl^ss is doing individual 
seat work. In fhe s.econd, the teacher 'tries to do an activity with 
the entire class. Both the individualization and the 0roup activity 
method have problems associated with them, from the teacher's and 
from the children's viewpoints. ' . 

That is, in individual seatwork, the teacher seems to be jug- 
gling time— the children at their seats need 'attention and so does 
the group at the table. The teacher tries to maximize .the time 
spent with each individual child and with the group. This creates 
that immediacy problem .so well descrr^bed by Jackson (1968)— 
events are happening so fast for the teacher that decision-making 
has to be instantaneous and spontaneous. The children also seem- 
to have pf^oblems when doing in^iividual seatwork. They need to 
get the teacher's attention to correct their work. If mistakes were 
made, more problems occur--exercises have to be corrected. But 
to correct them they nefed more |ielp from ,someone--usually the 
teacher. ^ This means they either have to wait Or get ^'help" from 



another student like Peter gets, from Tom. \.1~hi5 creates a depen- 
dency probleriK in which children lose their ability; to work alpne. 

On the. other hand, "entire claSs" activities are also fraught 
with problems. From the teacher's perspective, the problems are: 
"How do you get and keep all the children'^ attention? How do 
you control the situation sq one-child doesn't yelfoutthe answer,' 
thereby destroying the learning opportunitiies of ^the others?" So, 
although, the "hurriedness" problems involved wnth the individual 
seatwork may have been solved or eliminated, new problems have 
been created. , . 

Perhaps also involved with both individual and group work 
are some social problems. What about the child who isn't so bright 
^nd qui^k?. Do the other children tease him or her? Even in an 
Individual situation, children compare the work they arfi doing and 
create their own ladder of status so that some children end up at 
the bottg[m of the, ladder and some at the top. 

In oUr discussion of problem solving, we will not on fy refer 
to». mathematical problems but ajso to other kinds of problems that 
are often encountered in. the classroom, such as socia) problems, 
which invfolve decision makingi on the teacher's *and/or students' 
parts. We don't want to make the strong claim that skills involved 
in solving social problems will transfer to solving mathematical 
problems. On the other hand, we are not willing to discount the 
Idea that reflecting on the processes of solving social problems 
might help show new connections between the perspective in proC?*^- 
lem solvipg literature and the classroom teacher's perspective. ^ We 

^ do ,vyant to claim that mathematical problem solving is not separable 
in the classroom fcovn social problems. Let's consider, t^en, what 
there is about so-called general problem solving th^t is similar to 

.mathematical problem solving. ' 
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.PART .11 

TOWARD A BROADER CONCEPT OF PROBLEM. SOLVING . " ' 

General Problem. Solvind . 

In solving social problehis, the j? rob I em itself isn't necessarily 
ever clearly defined. Frequently, the problem solving process, 
starts when some situation or eVent. occurs that^prplexes us. We 
start to solve the "problem" by trying out Tamiliar solutions. 
When one solution doesn't work, we may try another; when that' 
doesn't work, we try another, and so oh. Eventually, through 
reflections *on our trials and error's,, the problem' becomes more 
defined; each effort at solving It Improves our* understanding of 
the situation. » 

For example, a teacher may have a , student who - interrupts 
with anhoying frequency. This situation stairts a process of first 
trying to reduce the annqyance and then to define the, problem and 
solve it. The teacher may first try standard routines like telling 
the student to stop interrupting. This response may proVe inef- 
fective when the student keeps interrupting. Perhaps the teacher 
next ' will try ignoring the student, but finds this also -doesn't 
work. The cause of the "problem" ' hash't yet bieen located. 
Maybe ^e teacher then tries talking to the student alone. Now 
the teacher finds out that^the student is currently living in the 
midst of problems at home.' This suggests that she 43r he seeks 
extra attention from the teacher as compeosation; Now the prob- 
len^ is more defined by this hypothesis, and a subordinate problem 
emerges of trying to givef this student some extra attention, that 
Is, more than others are getting. So the teacher w|[)o wants to 
hejp needs to solve this problem. But doing that may create 
additional" problems. . 

Mathematical Problem Solving * • 

Jn the literature ori mathematical problem solvirxg, we learn 
.that similap trial and erroc procedures may be used' at the begin- 
ning stages. That is, if we haven't been taught procedures for 
qloing a particular task, at first we'll try some procedures, hit and 
miss. As we go along ^ the problem becomes more and more de- 
fined. We read about examples like the following: Two children 
are playing with some cardboard pennies -after finishing their 
assignment on' "making change." They Start to place them in 
triangular shapies such as: ^ ^ 

00, 

000 * . * 

* * ' . ■ - ■ 

At the beginning they may make a triangle from 3 of them "and 
thtn from 6 *f themr and then from 10 of Ihem. One child may see 



immediateiy th>^t the next larger' triangle is. created by adding^ a 
, row Oh the bottom that is one pehny longer thap the previous bot- 
tom-line-. So this child's focus is on constructing the -number pat- 
- tern ,3, 6, 10, 15, and so' on. '.His or her problem is different 
from another child's, who breaks up one pattern before forming 
the next. Fof this other child, a problem starts to take shape 
when a triahgular pattern of this sort 'cannot be formed using all 
of the 13 pennies available. 'This child may start to'wbnder which 
numbers of pennies can form ."triangJes" and which ones' cannot . 
He or she finds some more pennies and begins to experiment in* 
triairand-error; fashion^ trying to 'cr^ate a f4gure like this from 
each number. The- problem may be enlarged if the child tries to 
form: square arrays with the. pennies/ or five-sided arrays, and so 

Perhaps the second child will then have the \deh of trying ^o 
find a rule to predict .the next number of pennies that makes an 
arrangement of the type, .she op- he is working on. The. child 
eventually m^y want to make a -table like the following. (By this 
time, several students maybe involved and different ideas 'emei*ge: ) 

**' Sides 

OdOO 3 4 » 5 6 7 8 " 00 0 

ao o 0 0 b 3 T~ 7 Ha ' (5 o o o ' 

OOOOpO _-6 9 12' 16 ' 00000 

00000.0 10 16- 19 -21 0000 

^V"^ 00000 .. * 000 

* .^H-7^ 0 0 0 0 ... 

" ^omeone may object that the six-sided figures with 12 pennies 
^nd the eight-sided figures with 16 and 21 pennies are not "regu- 
lar"--that is, some sides are, longer than others. Here, th^ prob- 
lem defihition could go two ways: irregular figures could be 
allowed in a^l columns or ruled out altogether. The children may 
eventually deci^, this definitional problem in terms of the rules 
that predict the next numbers in ejach column. At the beginning, 
though, they had little or no idea of what the" problem was going 
to beconr)e-and what solutions were going to be trifed. 

r • 

r . This mathematical example , is similar to "social'^ fj^roblems In 
tpat informal exploration (trial and error) plays an Important part 
In the process. Also, there are no fixed boundaries within which 
ta work and no clearly specified procedures to'^use. Some follow- 
ers of Dewey, Piaget, and other writers infer that, if someone had 
gtv^n the children boundaries and procedures to follow, whatever 
"problem" they might have been working on would have been re- 
moved. On the other hand, providing such guidance in a class- 
room would solve the "problem" that many teachers might perceive 
here as a lack of organization that is inappropriate for the class^ 
room. This organizational proj!)lerfK could manifest itself by too 
man/ arguments between the children; too many questions to which 
the teacher's answer would be, "I don't know; why don't you find 



out?";^too many conflicts iDVftr what to. do next and Who should bei 
Wbrklng* on- which :sub-i>roblem; . and the- problem "of bow 'to 'qjecide 
n^When to terminate the "penflies" activity. > ' 7 

We could appreciate* that removal of the* "problem", by being 
given a procedure or .even an answer, could be most wetcbme at 
times. Imagine that, in the earlier sodal problem (page 13), the 
^ school principal had come along . and told the teathei* that there 
» had been a family disturbance and thft the child, who was con- 
stantly interrupting, should- be sent to the school counselor". That 
__woyld hdi^fi _mnoyecl thfi_.teacher'^ -pnoblem. -t at least, for the 
moment. There are times when that wpMid be extremely welcome. 
However; there are other times when a teacher would. rather solve 
that problem himself or herself. We think that prob.j^in removal 
(by being'-gtven clues, ^ a procedure, or even the solution itself) 
needs to b^ecognized as "solving the problem." 

There is another kind of problem solving . in which specified 
procedures, i*ules, . or standard routines that af e somehow known 
to the problem solver are applied effectively to solve a problem. 
When they > re well known and easily applifed, we might say there 
•15 ."no problem." However, • while this skill is being acquired, 
remembering and figuring out how to use these- processes may be 
quite ^ problem. . ' ' . 

This kind of pre-structured problem^ solving is undoubtedly 
more typical of the kind that occurs in the mathematics classrQfam,^ 
both in the mathematical and social domains,* perhaps because 
organization is needefl in such a situation. There may be otheir 
good reasons for providfngv that kind of experience, as we' shall 
^rgue. ^ So, At seems unreafistip ,to suggest, as its neglect in some 
of the literature may imply, that the routine type of problem 
solving is "bad" and the more creative type is "good". There may 
be iome very good reason^ for increasirtg the time devoted to one ' 
Kino of problem solving or the other,, or for changing the, types bf 

' occ/asions on which the two kinds .tend to occur. Hov&ever, we 
wantvto be very clear that both types of problem solvina are still 

■' necessary in the complex social system of the typical mathematics 
classroom. If children are to mdke frequent use of the facts and 
principles of rpathematics they learn in felementary school, they 
need opportunities to worfl without precise rul^s some of the time 

♦and. to gain confidence that they., can develop their own rules. 

The more pre-structured type we wjll call problem solving 1. 
and the less pre-s.tructured type we will call problem solving 2.* 
We will first discuss problem solving 1 and next problem, solving 2. 
Later, we will try to see' how the first of these two types could be 
helped Jto evolve into the other in order to correct the . common 
imbalance between the two. One of the reasons for^ -correcting an 
excess of problem solving 1 is, as we' have hinted earlier, to help 
pupils develop thpir full capacity for more advanced r»)athematical 
learning In secondary schools and college, and to avoid the common 



"math anxiety" that arises from depenc(ence on someorfe tc< give 
directions before attempting an unfamiliar type qf probliem (Tobias) 
-1978). However, anoflief . rnOre immediate reason is to develop a 
. sense of :the non-arbitrary'' charatter of arithmetical rules and 
procedures (Eriwanger, 1974, 1975).' 

# . . ■ 

Problem. Solving 1 . . . • , * ' _ 

This is certainly the most common kind of problem solving 
occurring in mathematics classrooms, which. If we make a strict 
paralleJ, may also be true* in "real life" situations. When an indi- 
vidual is fafed with a bothersome or perplexing situation which 

I needs a quick solution, the solution may be obtained by using one 

y - of a few standard well-known routines. ^ 

What we mean by "standard well-known** routlhes" is that they 
. com'fe to mind immediately: Shall I add or subtract here? Shall I 
use thil formula or that one? Shall I send this child out of the 
room or give him or her a new task in the room? We think we air 
understand standard routines ' because they are so frequently 
•^taught in mathematics classrooms and we use them to organize , our 
lives. But, in reality, we may understand very little about them 
^nd their use'. They may sometimes yielc|^ wron^ or unfbrtunate 
results or be impossible to apply. We believe that problem, solving 
1 needs more attention than it has been given ip the literature and 
than we are able to give it. It must .be important, because so 
many of us (teachers or otherwise) use Standard routines regular- 

thej'tact that a routine that worked so well up to now may 
not give the jlesired results in a certain, situation leads one to 
wonder if the routine has been used appropriately. Oft^en a ^ight 
modification in the routine or possibly a suddeh recognition of the 
need fop a different one is called for. For example, a child who 
' has been using the standard division algorithm and tries, to apply 
It to a problem Irke 3•i■^Z suddenly realizes, probably with some 
prodding from the teacher, that 34-12 isn't the same problem as 
12t3. Ih^s leads to a iJifferent problem: "What do you do. when 
12 won't go into 3?" 

Let's lopk at' some" more examples of problem solving U 

1* Depending on clues . A child is using known algorithms 
to solve exercises in. addition, subtraction, multiplication, or 
division. She or he needs to pay attention to the clues to' decide 
which operation Is wanted. The clues learned first (+, x', ~) 
don't always work, as in the case. of "missing addends." Then the 
chlW also has to be careful not to make any mistakes In carrying 
out the algorithms. Clearly, there Is a lot to think about here. 
It's far from routine. 

2. Solving one problem may create another . . Bill Is trying to. 
work by himself and is being bothered and annoyed by another 
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.A5- described by Lester (.1978); "Any refVence to a probtehi- 
or problem : solving refers- to 2t situation In which' previiwjs expeT^h) 
ences, knowledge, arid intuition must be coordinated in an effort 
;to determine an outcome of*that situation 'for which a procecJure for 
determining the outcome is na% known" (p. 54). Note the emphasis 
on experience and intuition. Social intuition, a^ may be anvolved 
In regrouping* children to minimize conflicts, may be an example 
with, which many teaciiers are familiar. Such synthetic pr-oblems, 
in which new ai*rang'ements of things and/or people need to jae 
created, involve different kinds of intuition than analytic .problems 
in which a conf^plex situation needs, to be broken down Into parts ta 

-tHicover what relates to wnat. 

■» ■ • , • ■ . 

It is reported .that problem solving 2' often Involves some 
stage of incubatiop (Wallas, 1926) Hadamard, 1945; Poincare, 
1952), 'when conscious work on ^' problem comes to a halt, and the 
only progress that is made is made unconsciously. The idea of an 
unconscious incubation sta*ge seems most important to recognize 
because of the various complexities of school situations that often 
require conscijDus and overt signs of pupiTprogress. 

That is, a "solution" to a problem may suddenly seem to come 
without warning, as often occurs- vyhen one wakes in the middle of 
the night. Such sudden insights (whether they prove successffil 
or not) must be the product of some unconscious process. Thus, 
problem solving 2 can be quite elusive in some respect^. Ofteh a 
clue to the solution may be recognized in some- unrelated activity 
in which, others, npt working 6n the problem, would not 'see the 
connection between the solution and the problem. Since finding a 
Solution' by problem solving ^ takes ' an unpredictable amount of 
tirpfe, it may not occur, until days, weeks, or months after the 
inttial effort is made to solve the problem. Because of unconscious 
processes and unpredictable amounts qf time, it is hard to evaluate 
how much progresi^ someone is making toward getting a solution to 
a problem. , v * 

Problem solving 2. is difficult to observe under the pressures 
of normal classroom work for, the above reasons. It may also have 
very disorganized beginnings/ as in the cases previousfy described 
of children. working with pennies. Jn a' classroom, events seem to 
happen too fast to permit mulling over a problem, which may ^e 
necessary before any ipcubation can occur. In fact, frustration 
from trying many different apprjaaches, without any success in 
^p'asping the s6urce of the difficulty, may jDe a necessary precur- 
sor t o inc ubation, ^nd the creativ'e process. However, this frus- . 
tration pan bja much too difficuit to contend with on a daity basis 
(from the viewpoint of both teacheh/ and student) in the normal 
. classroom of 20-30^,students. Many^ teachers would certainly balk 
at promoting pupil frustration. Nevertheles-s, It does occur and. 
can be observed in successfully solving mathematical and Social 
problems. Ahother> emotional aspect of proWem solvin^f 2 is the 
fact, that one person'* efforts to redefine a problem'^may "pull the 




riug . out from under" anpt'her 'person, yy^io depends -on '^the very 
(^efinjtion that, is being questioned. Fear 'artd anger can result, 
creating social prbblems for 'Someone to solve. -.(In redefining 
problem, solving" in this paper, .we may be creating fear and 
anger in some readers.) 

Some ffxamples of this kind of problem solving will perhaps 
clarify its properties and the conflicts that mey arise with in- 
creased experience in mathematics classes of this kind of problem 
solving. These emotional aspects of problem solving 2 are familiar 
to, those;, who enjoy the- thrill of solving a really tough •"problem and 
seek out tqugh problems to solve. Whether these conflicts are 
themselves subject to resolution by some higher kind of problem 
solving is, of course, an interesting question. 

' i , 

"I- Recognition of the triangular njumbers . A child is count- 
ing cardboard pennies in class, finding different combinations of 
numbers th^t add to 13. While the child is Involved In this task, 
the child starts to* fiddle around with the pennies somewhat hap- 
hazardly and starts to make the same Kinds of triangles we de- 
. scribed earlier. As the pupil is doing so, the teacher tells the 
class that the time is up, and they must begin another ta^k. tbe 
pennies are collected and the beginnings of the "triangular^" num- 
ber problem are momentarily forgotten. 

Several weeks later the' same student is again using pennies 
in learning about money relatipnships. , He or she again starts to 
make shapes and thinks some. more about "triangles." The chHd 
now formulates a problem: "What are the numbers of pennies I 
would need to make different sizes of triangles?". In spare mo- 
ments throughout the succeeding -days, the problem is Worked on. 
But In these conditions,' the sblution^^ay never occur until it is 
presented e>^terrTally . For example, a. year later when the n^xt 
teacher, while talking about ^number patterns, gives the children 
this sequence, 0, 1, 3, 6, 10, 15, 21, which is generated by 

successively adding 1, 2, 3, 4, . . . , to the previous result, start- 
ing with zero. , This ..particular child may immediately recoghize it 
as containing the numbers of pennies that formed triangles, and 
recognize that the sequence 1, 2, 3, 4, \ is the number in each 
row. It is easy to see 'how this child's problem solving would not 
be recognized as such because of the enormous amount 'of 1?f me 
between stages in the process," the change in teachers,, and the? 
triviality of the problem to anyone who understands <.it. In any 
case, it would take some explicit comment from the child to the 
teacher about these past experiences with this situation for.--the 
teacher to be aware of the connections and of this occurrence of 
(Problem solving. 

Ay^hild's social decisibn, making . In a previous example 
(In the Problem Solving 1 section), we discussed how a standard 
routine in a. socja-l problem . situation was used. TtSat is >, Bill com- 
plained that Tony wa& "bugging him" artd tried to persuade the 



teachlr, to reprimand tpny.- When that failed, BIN hit Tony.- 
'However/ recognizing' the failure 6f thos.e teehnieiues/'. Bil.l' rr^igbj 
begin to ask himself^ (and others)<why Tony picks on him. After 
considering various possibilities, Bill finally' might, settle on .the 
following unlikely sounding hypothesis. — Tony likes him and wants 
to interact with him. Approaching t^e problem he^d-osnv he asks 
Tony, "What do yourhav^ against me?" "Nothing," com^s the 
reply. "Then why doitU we be friends?''^ He is surprised to hear, 
"Okay, see if you can c^e to my house after school." 

3. Teaching about area . A teacher ^might usi problem soi\>- 
ing '2 in connection With a curriculum decision. In the situation 
.described previously, when the teacher is trying to, decide how to 
teach area, supppse he or she has found tjia.t teaching the use of 
formulas doesn't work very well with some^hildren. |n fact, the 
development of a Concept of area, for most children, seems to 
require niore than choosing and using appropriate formulas. The 
teacher thinks of counting one cm squares In various' shapes that 
can be divided into such squai||s fevenly. Slje or he wor"rT^ about 
the children generalizing the process to shapes that don'tAdivide 
evenly into squares. , " I 

One day, the teacher notices the children dividing /up soda 
crackers, . many of which are broken. The children decide to 
approximate whole qr^ckers from the fragments. This gives the 
teacher an- idea. She or he can use the cracker situation with the 
children to lead into the idea of finding tfie area Sp a rectangular 
.trapezoid by counting squares and combining the partial squares to 
form whoke ones. From there, they could work on the area of any 
shape. Perhaps this hew' sequence of activities^ will, develop con- 
cepts of what areas are and might also help the children realize 
the usefulness of area formulas. This new arrangement of activi- 
ties feels par:tiicularly promising to the teacher. There is a sense 
xOf excitement of a new discovery, drt eagerness to try jt out. 

4- A teacher'^ Social prob^fem . Alma, a third-grade teacher, 
starts out the school vear by splitting the class tinto groups. She' 
works with one grouprat a time while the other groups are working 
on different assigned tasks. Increasingly, she feels more and 
Wre frustrated. She doesn't seem to be able to help one group 
because other children keep interrupting her. So the problem 
begins as frustration, then becomes defined as one of children's 
interruptions. She ponder^ the problem and further redefrnes' it. 
The noise from the other cHildren is the disturbing factor. How 
can those other children be motivated, to keep quiet (or at least 
keep their nOise down to an acceptable level)? She tries a point 
system for whi'ch students get a reward for doing their work 
quietly. ^ 

However, as the school year progresses, some children. Alma 
discovers, don't care whether or not they earn points and get the 
ward. They continue to be noisy; the teacher's problem still 
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Isn't .solved/ problem needs /-edeflning. . Alma decided tp 

enlist the children's h^fp in reaching a- more creative solution. 
' . Different possibilities are .tried, but npne s^em to work.'^ Finally, 
Alma and the teachei»^ next* door 'pbnder/^the- ojbvious fact that" the,. 
• children are bored and frustrated,' arjd they decide' to try group 
projects. Bat, they agree that, even ' though • they may find their 
projects very interesting and thus avoid boredom, thp children will 
still have to be trained to respect the rights of other persons and 
not interrupt them'' when thety need help. .. .^^ ' 

* ' 5. A project from home .^ -Two 12-vear»old children. Bill and 

Sue,'' are building a tree house in Bill's front yard, They have 
A., already attached to a tree one platform about six. feet off the 

^ ground. They want- to attach antfti|| one (3 feet wide) on the 
opposite side, to a board they ' hav"lref»dy nailed to the tree. 
^ This board is four feet up the tree trunk from the first 
(Figure 1). The problem is that, before they" can r 
position, they must ^ttach braces that can be nailed to ^ 
the lower platform to support J:he upper platform. The, 
know how long the -braces between the two platforms shou 
they can be cut. and nailed to the platform to help hold'it^H 
. they nail it to the board. They first try to think of/ a' way of 

measuring, directly, but the second platform must be too high to 
^ permit Bill to stand on a step-ladder and hold it in place/ while Sue 

^ measures.' Also, it would be dangerous to try to hold , the platform 
while standing bn ^ long ladder .placed , against the tree. ' - 

.They think of another idea: if they stand the 3-foot-wide 
platform, on edge on the sidewalk, and mark the tree's^ position 
with fchalk alona, the walk, then they could measure how long the, 
braces should- be (Figure 2). "(The two braces- should both be cut 
to the same tength») The problem is that the angle formed by the 
tree and the platform is unknown. So" they don't knoy^ where to 
draw a line on the sidewalk t6^ represent the tree. They decide to 
talk to their teacher. When their teacher heard the lengths, 3 

V , 4 feet, he immediately, thought of a 3, 4, 5 triangle and 

V ^ began to talk to tKem about it, drawing a picture" like that in Fig- 

ure 3. "But our tree is leahing, so fiv'e feet will be too long," 
the two children said. 

Bill and Sye talked to other people they knew and received 
the following suggestions: make a scale drawing; use two tape 
measures held up by ^rings and tied to the second story window 
of the' house; . build a*^ large protractor to measure the angle be- 
tween ^ spirit level and the tree. These ideas were, not as easy 
as they sounded, however, and they. felt that something more cre- 
ative was called fqr something that would not take so much time 
and effort. Qne night, whfle resting on her bed before supper. 
Sue thought of a neat solution. A string with a rock, tied to it' 
could be fastened to one end of .the board they had nailed tp the 
^ tree for the second platform. It would hang down past the plat- 
form that' was already there, and they could measure '^vhere the 
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strfno with th^ rogk on the end of it touched the platform (Figure 
4). That way, they cOi;ild copy th<i angle of the tree onto the 
sideiyalk without measuring directly >i6w many degrees it was. 

After supperr Bllf hung the string from the top board and 
Sue measured seven inches from the string to the edge of the 
platform. They thfen kJrought the platforrjfi- out of the garage and 
stood it»ort edge on one of the, cross-lines df the sidewalk. They 
measured where seven inches from the edge of the sidewalk crossed 
four feet from the platform^. They r\ext drew the four-foot line to 
represent the tree. They measured from the end of that Ime to* 
the platform to find • how , long the braces -had to 'be (Figure s). 
They r wily felt good about solving .their problem and told their 
tether all about' the eolutjon trte next day. That afternoon they 
sawed the braces to the ^ight Ifcngth, failed them to* the platform 
and, without t6o much. trouble ^ loai led ,tht} second platform securely 
in place. •> » • ) ' . 



Now that Wei-vfe clarified some points about what we are casing 
problem solving 1 and problem solving 2, we are 'ready to consider 
some questions relating to these kinds of pi^oblem solving. What js 
ihere about problem solving 1 'that's i^npdrtant? WhaV, happens if 
there's too mu^h emphasi>* on' prqblem solving 1 activities? What'^ 
important ^bout problem solving 2? What happens if there is' too 
much emphasis on/ problem, solving *2 activities? What are some 
realistic ways of /dealing with .teadherg ', social and mathematical 
probjem- solving (b6th.:i^and 2)? What about students' social and 
mathematical problems?'- And, perhaps of .special goncern to class- 
room teachers, are there practical ways of getting problem solving 
2 to occur more often in the classroom? 

In the next secf^lon, by examining everyday classroom situa- 
tions, we hope to show why problem solving 1 is not 'sufficient for 
urnfJerstanding arithmetic - or even becoming skillful in it and what 
can realistically be done through problem solving 2 to remedy that 
situation. . - ^ , 
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PART 111 

understanding that arithmetic procedures 
Are not arbitrary * ^ 



What does understanding arithmetlt have to„ do with problem 
solving 1 and 2? When problem solving 1 methods are given too 
rtiuch Attention, then children can survive by memorizing rules to 
get .Answers. Also, those methods al"e never -connected 'to each" 
other, as cPuid be the ^:as*e in problem solving 2. So children see 
mathematics as fragmented and as arbitrary rules (Eriwanger, 
1975). ,No one is arguing for an exclusive. diet of problem ^solving 
2, which a few students approximate by their refusal to memdrize 
anything they can* figure out some other way. Probably tpat 
would produce an ' undisciplined mind, ''incapable, of rapid learning. 
It is important to combine problem solving 1 with problem solving 2 
methods, but not to entirely neglect either of them because each 
has its Jmportcince. 

V 

The Importance of Problem Solving 1 . ' < 

Although it may be assumed, from its neglect In the literar 
ture; that problem solving 1 is a simple process, thferie is growing- 
evidence (Davis & McKnight, 1979) that the application of standard 
algorithms to numerFcal problems (or exefc^ses*) is not as simpl^'as 
it is often assumed. It appears that fragments of algorithms are 
often learned independently and recombined incqrreiQtly. . . 

Much of what children are, expected to learn in' mathematics 
Illustrate? the importance of problem solving 1 (applying a few 
specified rules and procedures) for the classroom: (Further study 
might reveal its importance in Other areas of fife (see Stake and 
Easley, 1978> ChapterM6).] - 

Previously we &ave, as an exampfe, . a child using known 
algorithms to st)lve e>^rcises involving the four arithmetic opera- 
tions. Obviously these algorithms ar4 part of • what Is expected of 
mathematlcis teacb^g in* elementary school. Even before wje need 
to learn these procedures, though, there are* other procedures' 
which are prerequisites. For example, It is necessary to learn to 
recognize the numbers, to print ^^hem correctly, to say them cor- 
rectly, to .know the basic "facts'of arithmetic," and so on. 'These 
necessities take much drill! and practice of the problem' solving 1 

• ^ ■ ' .„ ' ■ " ■ 

Once children lea'rnr these "basics", there are other require- 
ments: learning the procedures of adding, subtracting, multiply- 
ing/and dividing. Children need to learn how to write their 
computatlonar exercises in a form that is communicable to othirs 
(and to themselves). For exAmpIt, we all can think of the child 
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who doesn't line up the numbers correctly when adding or muUi'- 
plying and consequently gets wropg answers. We are reminded of 
^the case^of a very bright 13'year-old. His .tcfachers couldn't-un- 
derstand why his standardized ie%t scores in mathematical reason- 
ing were so very high bufin computation >/ere so very low.^ Upon 
doing some indlviduelized testing, it was discovered that he didn't 
lin^; up his numbers correctly beaause of a perceptual problem. 

The reader will doubtless be able to think 0$, 6v6n better- 
examples illustrating the importance of problem solving 1. We 
would appreciate hearing about them. 

The Importance of Problem Solving 2 

Perhaps it would seem strange to researchers to be discussing 
the importance of something whose significance is so much taken 
for granted in the literature. We said in Part I that problem 
solving 2 methods need more. emphasis in elementary school so* that 
students don't develop the idea that mathematics is just a set of 
arbitrary rules. it was also suggested that dependence on the 
teacher (as the authority) starts verry ' early and .perJiaps more 
problem solv^ing 2 -could alleviate that. There is.' however, reason ' 
to believe that complete dependence on authority is a major cause 
of inability to use mathematics or' to develop confidence in one's 
mathematical ability (see Tobias, 1978, chapter 2). 

The way students think about an over-emphasis on rules was 
evident in a conversation between some high school students. It 
went something like this. - 

4 ' 

Jane: ' I think the English parts of the SAT's are easier 
than the math parts. 

.% ■ . ♦ 

Chris: Yeah, English is so much more open than math. 

Joe:' Yeah, math is just memorizing and remembering 
rules^ / 

■• . 

Teacher: Why dp you think that? 

< Joe: I don't know... that's just the way it is. 

■ ■ > 

Jane: I think I know. It's because whatever we've had 
to learn in mathematics class has been rules. First 
we learned the rules for adding, then subtracting, 
^ then multiplying and dividing. Then we got to^ 
high school and learned some- more rules for alge- 
bra. 

If ALL that students remember about mathematics class is 
having to memorize rules and procedures, then mathematics is of 
little ,use to them. What happens aloiig the way to get this "rule 
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applying", aUltucfe? .Perhaps this started In tkie pHmary 'grades 
where two differfiht methods of counting the same., collection (e.g^ 
"skip counting" by fives and* by tens) produce different answers. 
(See Stake, 1980, for an analysis of children's counting problems.) 
Becausa «ach method was memorized, and especially because np 
connection was made betwepn methods, no discrepancy was ob- 
served by the child. The children conclude that getting different 
answers Is O.K. So they (and teachers) can come -away with the 
view that in mathematics 'when you apply a rule, there's nothing 
.more fto^do.- (Learning to check one's" own answer may be an 
essential step to the insights into the, rational consistency that 
gives the emotional excitement and aesthetic teauty to mathematics 
and to making thelse connections.) * 

How Problerti Solving 2 May Turn Into Problem Solving 1 

/ We are only reflecting on a few years of observation, but we 
have the feelipg that MOST early mathematical experiences are like 
that In the following scene from a second-grade classroom. 



Teacher: Let's , get ourselves ready. Two feet on t^e floor. 

We're going to work for a while in your arithmetic 
books on putting some sets of different animals and 
objects together. Any time someone asks you, how 
/ many do you have in all, thilt's your clue that you 
need to add the- two sets together. ..( Rule 1 )* Any 
time you see these words, "how, many, in, all'* 
(She writes each word on the board as she talks.) 
...Let's do a problem. There's 7 red balloons and 
2 blue ones. Someone says, 'How many do you 
have in all?' Can you do it in your h^d? Jimmy? 

Jimmy: 8.- 

Teacher: Let's check it out. Come up here and draw a set 
of 7 balloons. Count 'em off as you. go. ( Rule 2 ) 

(Jimrtly comes to the board and draws 7 -circles and counts 
along; as soon as he reaches 7, the teacher says.,.) 

Teacher: There's your first set, right, John? Now how 
many mope do you have to put with that? 



* To help th6 reader identify rules In the scenes presented, we 
have Inserted rule numbers In parentheses Into the transcripts, 
underlined when they are introduced by the teacher and not 
underlined when they are followed by pUpils. 
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Jimmy: 8. * > 

Teacher: Look at the pro^jlem again. Over here you have' 
* • how many In the first set? Look where I'm point- 
ing. (She has drawn the numbers 7 and 2 on the 
" bqard.) What numeral is that? ' ♦ 

Jimmy: 7. ^ 

Teacher: And how many do- you put with that? • » * 

Jimmy: , 2. , 

'• ' . • ' 

Teacher: -2 ,.more. How many do you neied to draw then 
Jimmy? * . 

Jimmy: ^2. <^Rule 3). 

• ••■ ■■<'",> 
Teacher: How are .you going to figure- out how many you 
have in all?' What are you agoing to do? ( Rule Ic ) 

t Jimmy mumbles.) • ' • 

Teacher: I can't hear you. 

Jimmy (says louder): coiJht... * ' 

Teacher: 'Do that please. 

. (Jimmy starts counting.) * ^ 

, Teacher: Louder, so they can hear you in the back -of the 
,N ' ^ room. . / 

Jimmy (starts over): One. . .two. . .threp. . ..four. . .five. . .sijc. . . 
* seven. . .eight. . .nine. . . 

Teacher: "So you have how many in all? . , 

Jimmy: 9. ' - . , ' 

.Teacher*: So we can say thit 7 plus 2 ec^uals 9. /She writes 
7 + 2 = 9 as she talks.) Very nice, Jimmy. Do 
V you wdnt to sit down? Now let's try spme in our 
math book. 

< 

Note that Jimmy l«n't asked how he did the pi'oblem or wheth- 
he could do it another way to see If he got the same answer. 

"C- ■ . 
Teacher: We're going to make up a stofy for the first prob- 
lem. We've got 3 blue ghosts for Halloween n,ight. 
Do you see where I am? Put your finger on top of 



"the page at the blue ghosts. Well, they were lone- 
ly. So friends joined tt^em ... 5 golden ghosts: 
the question is, Adam, now, many ghosts in< all on 
Halloween night? • . . 

Adam': / 3. (Rule 2) 

Teacher: How many friends came along?* * 



Adam 



5. (Rule 3) 



Teacher: So your job Is to add a set of 3 to a set of 5 ( Rule 
2) ... trace over the dotted 3. They 'already gave 
you the first part of the problem. Trace over the 
dotted 5 ... Supply how many they had in all. 
* Adam, what number did you get for that? 

Adam: 8. (Rule la?) 

^ Teacher: Is he right, Arthur? " ' 

Adam: Yeah. • . . ^ , 

• Teacher: I don't see your answer. There, Ruth. You need 
' to show in your book that you know 8 is the an- 

swer. J^et's go down the page. 

In the spring of the second-grade year, adding one-^digit 
numbers is not difficult for most children. What is- difficult for 
Adam is knowing when to add. The questJon^How many ghosts 
in all?" seems to come a.t the wrong time in'his rule sequence. He 
was following Rule 2 at the tim^. However, the teacher gets into 
synchronization with him by asking the question for Hule 3 and 
then giving him Rule 1. (His sequence seems to be: Rule 2, Rule 
3, Rule 1 --possibly because Rule 1 is assumed for ail these prob- 
lems.). 



Teacher; The next problem ... jack 



o'lanterns 



going to add or subtract, Ruth? 



are we 



Ruth: Add. (Rule 1) » 

Teacher: Put the -2 sets together. ( Rule 2 and .3 ) We're go-, 
ing to add. Go on and addTT Anyone want to use 
counting sticks? 



(Several kids raise their hands, 
them.) 



She passes sorpe out to 



Teacher: Who can make Up a problem foi* uite T(vith the lolll- 
, pops? » 



> . Eve: 5 golden lollipops sitting In , .. a* man gfve 2 
^ (pause) root beer lollipops; how many in all? 

feacher: Eve, are we going to add or subtract? (Rule* 1) 
• ' Eve: Add. . ' • 

Teacher: Let's do it. Figure- It i>ut yourself, Jimmy, then 
we'll check it together. ^}Hdw many in the first set, 
Jimmy? ( Rule 2 ) 
, .. * (Jimmy mumbles.) '; - . • . 

[ ^ 

Here, we see that Rules 2. and 3 are subordinated to Rule 1, 
which explains the ^teacher's sequence. The teacher expects those 
(the ^^najority) who can ad^ to learn to use that skiW in a'new con- 
text, and ^ Rules 2 ,and 3 4ire just reminders of what they already 
know. They do some more addition story problems, then go onto ^ 
page' of subtraction ones. 

• •' 
Teacher: M'll make up the first story^ 3 orange cats are 
/ \ " living .In a house and 2 of them decided to go out 
and sit on the fence and howl at the moon. If you 
had 3 cats and 2 of them got up and left, how 
^ . * \ iViany would still be inside, Sharon? , , 

Sharon: 1. . " ' . 

Teacher: ReacJ the sentence they gave us for the problem.. 
' . Be quiet. Eve. Trace over the problem. 3 minus 2 
equals ^, We're going to go across the page ... 
blue dogs . . . got a story for us Karen? 

Note that "3-2=1".. is the "problem," not the "story" and not 
the task of making up the story. That is obviously because earli- 
er the children had learned to call "3-2=?" a problem. 

^ * ♦ 

Karen: 2 dogs fighting over a bone and one of them ran 
away ... 2 minus 1. . . 

* • 

Teacher: Think It out. You have 2 dogs; one of them gets 
the bone; how many donlt get the bone? 



Karen: .1. " * 

Teacher: So. problem will be what? ... read the whole thing... 
Karen: 2^1 = 1. 

Teacher: Very nice. Here's one about ducks. 
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' How does this scene Illustrate our point? Well, what might 
have started out as a problem solving 2 experience for Jimmy and 
Adam^ turned into mostlV^outinitted problem solving 1. How? 
Notice that the teacher wanted to give the. children practice in 
composing story, problems — in this instance, problems related to 
pictorial situations already shown in their workbooks. What hap- 
pens, though, is that ALL the, problems shown pictorially on each 
page.are the same. So, fon. the children, < making up a story prob- 
lem becomes making up a context for the situation ^"a less b"/ 
There is little room , for mathematical creativity; the child only heis 
to think of some reason for the objects being separated and then 
write the number sentence, called the "problem," out of deference 
to their habftual use> of this familiar word.' — 

We do not want to criticize this particular lesson. It meets 
needs that children will have in tests or textbooks so there are 
legitimate reasons for some practice. A legitimate concern, hpw^ 
ever, is t;hat two of the children's mathematical problem solving 
opportunities were overlooke^^ and they may well never learn how 
checking their work helps them understand It. They had ' to 
synchronize their procedures with the teacher's and the class' 
procedure, and they lost a chance to learn to check their own 
work. They probably don't understand why their first answers- 
were wrong. 

♦ 

Children (perhaps all of usf adults, too) need a variety of 
experiences of both p/oblem solving 1 and 2 to learn mathematics, 
or course, teachers can't stop . at every opportunity to pursue the 
Creative type described as problem solving 2. But occasionally, 
doingf so is necessary to avoid the conclusion th^t the. right proce- 
dure Is just^ matter of follqwing the teacher. . 

Turning Problem Solving 1 Into Problem SolV.ing 2 

Take our previous example of the teacher whp was frustrated 
by being constantly interrupted by students. At first a problem 
solving 1 tactic is' tried; the students are. told to sit down and be 
quiet. When the first tactic doesn't work, the teacher's problem 
evolves into problem splving 2 and the problem becomes one of 
understanding the cause of the interruptions. 

We have previously separated problem solving 1 and 2 in our 
discussion to show how different they can be, but we don'|; want 
-to imply any sharp distinction between them. . Sometimes when 
classroom events are closely observed, it Is seen that situations 
exist that are ALMO,ST problem solving 2. If there were sOme^ 
small changes In the situation, then perhaps problem solving 1 
couJd come closer to problem solving 2. , 

• * 

We want to point out that we realize that there are many 
difficulties with trymg to_Jiind practical solutiorfte to everyday 
classrobm problems. We also nfeed to point out that we can foresee 
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^ .some trouble with trying to change situations. One difficulty 
would be that a new situation Is created and that new situation 
brings Its own problems with It.' So sometimes It's a trade-off of 
one. set of problems for another.- One. then needs to decide which 
problems one would rather* be* faced with. For example, a teacher 
may read a suggestion that we have made and react: "If I do that 
with my class v| know that I'.ll have trouble with John and Skip 
that r don't have now.' On the other hand, It might solve the 

\ problems I now have with Randy and Sue." * 

We now want to consider some classroom events and discuss 
some of the most Impqrtant problems that are Involved with each of 
these events. In each case we will try to consider the event from 
both the teacheHs and the^ student's perspective. (We may not 
consideu the problem solving researcher's .perspective, but we do 
want to bring our own perspective In.) We' begin with ex^ples 
from primary grade classrooms, because we are Interested In de- 
termining how it happens that chlldhen so often fail to relate, rules 
and procedures to each other. After a careful examination of 
typical primary classroom scenes, we will turn to special problems 
of the middle school years.' ^ 

\n these examples we want to emphasize one or more of the 
following points In relation to turning problem solving 1 Into prob- 
lem solving 2: 

1« So procedures don't become arbitrary and disconnected 
in students' minds, some connections between them need 
' to\be shown. • A way of doing this Is to have children 
check answers to ,the same problem using different 
prdceoures. Sometimes answers will be m a different 
"form", but this needs to be talked about. . 

2. To Increase problem solving 2 somewhat, we will make 
suggestions for using the student's present knowledge 
and extending It. Usually this can be .done by a ques- 
tion like: If 6 + 2 is 8, what would 26 -♦• 2 be? How 
does this relate to problem ' solving 2? Students will 
need to use their existing strategies and put them to- 
gether in a new way to answer such questions. For 26 
+ 2/ for example, students can think: if 6 + 2 = 8, 
then 26 has a 2 to the left of the 6; the answer will also 
have a 2 to the left of the 8; so 26 •♦• 2 « 28. (Perhaps 
some would be disturbed by such a teaching strategy 
^ because mathematics is being taught "out 6f sequence." 

That is, the children are learning basic facts and 
haven't yet reached two-'digit addition. But we would 
argue— along with Piaget U%B) and Lesh (1979b)— that 
' learning doesn't actually occur in a nice orderly se- 

quence. Sometimes we get Intrigued by a complicated' 
idea and set about "learning" things associated with that 
idea.] 



3. ^ Children are always looking for faster ways of doing 
things. Teachers could capitalize on theie "shortcuts" 
by helping children find useful ones. This relates, to 
problem solving 2^t)ecau^e old strategies are put together 
* in new ways to find "shortcuts." 
• - . ; --^.^ ' . _ , 

Too much' specification . On one hand, we as teachers seem to 
feel that we' must direct most classroom activity. Otherwise how 
would the children ttearn what they are supposed to learn? We all 
khow that some children need more direction than others and some 
activities need to be more directed than others. Where is- tha;t 
*subtle line then between too much direction and not enough? How' 
do we decide where and when to draw it? ° - 

. ■ " . f . ^. « , 

s 

Alice', the teacher, puts out an orange Cuisehaire rod on the 
table. She also places a unit rod and asks the 6 children how 
many of the small ones would, make an orange one. 

All: • 10. , 

Alice: The orangf one is called a ten stick. What would 
this one be called? (She puts down a blue sticl^.) 

All: 9, ■ . - 

She passes out all the different colored rods, one of each 
color to each child. V 

What are we going to do? ' ' * 

.We're going to see what combinations will make 11. 
If you take the ten stick and the unit one, it 
makes? ^ 

11. .. a - 

I would like you • to discover; here's* the rules: 
using only two rods ( Rule 1 ), how many ways can 
you make 11... using only two rods? 'You can use 
this fpoints to the length formed by the orange and 
unyt rods) to measure against. ( Rule 2 )'^ ♦ 

Each of the children mQ</ed the sticks around to form patterns 
like the one shown below. 



Mark: 
Alice: 

All: 
Alice: 



4 • * 
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Alice writes, on the/board: 10 + 1 = ii ( Rule a ) 

9 + 2 = 11 ( Rule b ) 
- , 8 + 3 *. 11 ( R61ft c ) 

Sally:' Gh,J see... you can gp 10. . . 9. . . 8.:. 7... 6... 
^ 5^ . . 4. . 3. . . 2. . . 1 . ( Rule 3) 

Alice; ' That's 4vhat Vm going to do. (She continues writing 
on the board. ). .'.notice h»ow these get smaller 
„ (points to the first addends) and these get bigger 
(joints ^o the second addends). ( Rule 4 ) 



This activity continues apd the teacher ha^ the children com- 

atkHis 



— ^^,,,v,..vi^^ ajiu I.MC Lcaciier iida me cniiaren com- 

?3 ditto sheets with combinations pf dumbers for 12 and 
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Tf]e problem', as stated by Alice (how many ways can you 
uV ' ' ^® interpreted a& being overly directive because of 
(1) thAi limitation ^of the number of rods per child, and (2) the se- 
quential procedure demonstrated. Getting the right answer is, al- 
most guaranteed for every child who is paying attention. (Perhacfs 
some children aren't.) All the children have to do is to work^ujntil 
all the rods, are gpne or follow the procedure she has illustrated, 
combining the descending sequence starting from 10 with thft a§- 
. « cendm9^,,one start4fiW So -the event becomes' a problem 

solvmg-^X-^task. ' However, the procedure for getting the pattern 
for the combinations df two numbers adding to 11 probably isn't as 
important as knowing that 9 + 2 =!" 11 (or any of the otli^umber 
facts^< However, the pattern in the resulting sequence of»sums is 
even more important stilTX • , 

^ What is unclear in thik^ask is which facts are well-known to 
the children and which are being figured out* somehow from previ- 
ously known facts. For ex?m>>le, it might be thiifc 5 + 6 = 11 is 
dei^ived by means of 5 + 1 = 6 arvd 10 + 1 = 11 . If things like this' 
are happening, we might want toVegard It as problem solving 2, 
since three rules (facts) are being 6ombined in new ways. 

To make tbe situation closer to pYoblem solving 3, some writ- 
ers might recommend that the teacher r^ove herself from the sit- 
uation and let the children decide what problem was going to be 
solved and what questions were going to be ^wered. It seems 
doubtful that Alice would find this a useful suggestion. 

for example, in this scene, Alice might know that these par- 
ticular children need .to succeed in' following -difekiorfS-*sdmeth1ng 
that Is for them more important than Insight into arithmetic proce- 
.dures anc^relations. Whereas we can imagin<< that,\fith children 
whom she l(h6ws could handle a less directed (moreXambiguous) 
situation, she would have organized the activity differently, 



So at first gkance, ''stepping aside" may sound like an easy 
way to Imprpve the situation. But it depends on the significance 
this situation has in the development of Onderstandings and work^^ 
Ing relations., in the class. vAnd only the teacher involved caa 
decide if it is appropriate to 5tep asiide. ■ 

Some other suggestions might be easier to follow. Alice could 
have withheld showing them the procedure; 10+1, 9+2, 8t3, etc. 
Following this suggestion might make Alice ankious that some 
children would- get the wrong answer. But the answer to how 
many combinations there are is not as important as knowing, for 
•example, that 10 + 1 = 11. - She might say that the pattern of an 
ordered set of combinations was what she wanted them*to see, not 
the answer to the question she has asked. . ♦ 

This seems to be a good place to extend the children's t^y'nk- 
ing. So if the pattern 10 + 1 =11 is shown, thert some num- 

9 + 2 = 11 ' * . 

8 + 3 = 11 / ' 

' . ^ 7 + 4 = 11 

etc. 

bers can be changed to ?how the pattern * 

20 + 1 = 21 or 10 + 21 = 31 . 
19 + 2 = 21 9 + 22 = ^1 ^>4( 

' 18 '+ 3 = 21 '\ . ■ 8 + 23 = 31 ' 

or any other variation. 

The next page was developed to give children (who presum- 
ably were well acquainted with facts like 3 + 2 = 5 and 5-3 = 2) 
an opportunity to extend these facts to n§w contexts, for which 
procedures had never been given. It was tried with students in 
two first-grade classes who had mastered the eight cases in the 
boxes,^ but had only^been introduced ta-missing addenrJs in binary 
cases (on the left>. The children were instructed to skip prob- 
lems they couldn't do. After they reported they had done all they 
,could, each child was given a colored pencil and wias asked to go 
back and try the ones skipped. - 

^ The * results indicated that most of the children (all but the 
slowest) wAre able to get some right that they had skipped. In 
otlj^er words, children were able to use the number facts 2 + 3 = 
5> etc.. The most difficult cases were the multiple addjends in the 
upper right-hand part of the page, suggesting an inability to use 
a sufrt -Is an addend. Two-and three-digit sums and dlff^rfences 
that were correct do not m$an the quantities involved are always 
compretiended In a place value sense. Hpwever, some of the exer- 
clsis might have Jaeen checked other means -fusing counters, 
for example. f , . • 
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Name 
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5 
-2 



50 
-20 



5 
•3 



50 32 
-30 +23 



22 
+33 



232 
+323 



1 '+ 1 +-3 = O 
J + 2 > 2 = O 
1 + 3 + £7,= 5 
1 t 2 + 3 = £7 
3 + 2 + 1 = p 
1+1+1+1 + 1 
3 + 2 ^ CJ ' ^ 
3 + 2 + £7 = 6 



31 
+20 



. 12 
+ 3 



15 
-2 



30 
+21 



51 
-20 



IS 
- 3 



13 

'+ 2 



Si 
-30' 



50 
•50 



222 
+333 



233 
+322 
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Anothec suggestion relates to "shortcuts". Using the pattern 
(Rule 4) to get the combinations for 11 Is a shortcut.* Another 
one is discussed next. 

' • ■ ■ i . t' . - • 

Discussing- equivalent methods . In the following, scene thf 
teacher has a specific motive in mind, to try to show the children 
the "counting orf" shortcut for doing addition problems. 

.... 

♦ •* * , • . 
Bruce, the teacher, is wor*king with' 4 children."* 

Bruce: I'm going to show you a'^card and we will start 
with the number on top and use taps on the number 
line to get the answer. 1+1? 

■ I. 

Marie: 2; that was easy. I didn't have to use, the numbep- 
•> . line. ' ' 

Bruce: Oh, they're going to get harder. (He takes out 
the "plus three" flash cards.) Marie?' (He shows 
her 6 + 3 — all problems on the cards are* 
written, vertically. ) 

■ .. " - * 

(Marie is silent. ) • , . ' 

Bruc^: ; It's 3 taps after 6. (He points to 6 on the number 
. line and with a pencil taps put 3 more, pointing to 
, 8,, 9 as he goes.) ^ - , " 

• Marie: 9. ' 

Bruce: Good, now Tommy? (Bruce shows him 1+3.) I'm 
going to tap out 3 times; .2. . . 3. . . 4. 

Tommy: It. ain't 3 taps. . .1. . . 2... 3... 4. 

Bruce: You start with 1. Don't tap for 1, 'cause you 
0 . started with 1, so you only tap 3 times. 

Bruce goes around the table showing one flash card at a time 
to each child. When a child takes more. than a second or two 
to answer, he shows , them, how tp do the problem by tapping 
Put the second addend. . 



The method of 'Icountlng on"*that Brute Is promoting Is a 
very worthwhile procedure to jjse in adding. The problem in this 
lesson Is that :Bruce Is not using the children's prior knowledge to 
develop new knowledge. 



» ' How could this lesson be changed to be closer to problem 
solving 2? One way would have been for Bruce to opin the dis- 
cussion by asking the children how they foUnd the answer each 
problem. Jf Tommy iaid that, -to get 7 +.3, for example, he would 
count 1... 2... a... 4... 5... 6... 7... 8... 9... 10, then Bruce 
could have presented the challenge: Find a quicker way to get 
the same answer other than counting both the 7 and the 3! 

This kind of lesson certainly might take more time, but Bruce 
(If he needed ,to) could have' placed a time limit on finding a 
quicker strategy. That could have 'solved his problem. Then the 
children might even have appreckated being given a solution /be- 
cause they would have worked On the problem long enough to Xant*^ 
an answer. - » ■ 

As it is. Tommy seems to be doing the problems his own way. 
For Tommy, the problem' is to persuade Bruce that he is wrong. 
Tommy, perhaps, is perfectly content to use his own strategy, as 
the other children are also, for the teacher hasn't said, "Let's 
find a» shortcut." 

Instead, the teacher feels compelled to teach a quicker meth- 
od, because answers aren't given immediately. The Intent is tp 
help the child respond in a way that's closer to immWiate recall 
than counting out the two addends and the sum as well.' But it 
could be that there H a systematic way to build, the "facts," and 
that teaching a new., faster algorithm ^s ^efficient in terms of the 
time taken to teacp it. That is, it woOld t>e systematic tp use the 
facts the child n6w knows to^tfuild Other%)nes. For example, if^ 
the child knows some doubles like 24? 4> 6c 3 •»• 3, those facts can 
be used to do 2 + 3 5 (one fhore^hafi » 2^ + 2 = 4) or 3 5 = 8 
(two more than 3 + 3 = 6). ^An example of the teacher using this 
idea Is oh page 40. Perhaps what is more important is that differ- 
ent methods can be used to check answers for the same problem. 

It seems that the emphasis in this scene is on getting an 
answer quickly, which IS important in! learning basic facts. If the 
child is able to do so (by any method), th6n he or she i^ left 
alone— the objective has been m^t. But for children who do not 
produce the correct answer immediately, there is no attention to 
the rule that they are using. To give this attention, the teacher 
might have said, "No, even thougli both methods give the same 
answer, I don't want to tap how many, there are altogether--)ust 
the ones to be added on." Or he'might have combined the drill 
and practice with teaching some spedfic strategy by choosing a 
mixture of easy problems and hard ones for which a quick answer 
requires a shortcut. As we rioted before,^ Bruce' s strategy fails 
for one, or more children. Those children*' may be forming some 
"Interesting" hypotheses (as to what the nevy procedure is) and 
testing them: in shorty they "may be really doing problerrtjolvigip 
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Tht idta of discussjng different strategies with pupils is 
related to the problem solving 2 process of testing different pro- 
cedures. It is important to develop explicitly an understanding of 
which procedures are equivalent. Otherwise, if children depend 
on teacher feedback to know when they are right, they can very 
easi^y get the - idea that their own methods for solving problems 
aren't important or trustworthy. They get the idea— Implicitly but 
sometimes very explicitly— that only using the strategies and 
methods that the teacher tells you to is what is important. Wet 
don»t want to imply that it~Tsn|t important. Rather, the important 
Idea is to have many methods "up one's sleeve"--in a practical 
form, ready to use, ready to question *if they don't fit, and ready 
to recognize ones that give equivalent answers. 

In this next scene, some different methods .for addition basic 
facts are used. Here the teacher tries some physical activities to 
get at the "counting on" strategy. 



♦ * * * 

Robert, the teacher, has the five children set out (on the 
rug) some numbered plastic cards in a row. There is an ordered, 
sequence containing each number from 0 through 10. He then has 
the children sit on the floor. ' One by one he has them stand up 
and do a problem like 3 + 4 by stepping on the numbers. But 
there is a well-defined procedure for doing the problems. 

Robert: OK.. Randy, I want you to do 5 + 2. Get-up and 
stand on the 5. ( Rule 1 ) Then walk two steps 
(Rule_2) andvtell us what number it is. ( Rule 3 ) 

(Randy starts at 5 and then goes to 8.) 

Robert: Vjou went three steps, not two. Randy. 

Alai^: He kind of went two, though ♦ (He points to the 
two cards--6 and 7— thati are in-between the 5 and 
8.) 

Robert: Oh, I see what, you're saying. No, that i^n't 
really going two steps, Vou count from where you 
started ( Rule 4 ), like 5 then two more 6... 7... So 
7 is the answer. ( Rule 5 ) 

V 

Note that here the teacher accepts Alan's interpritatioH of 
what Randy did and gives ^a fuller explanation of the procedure. 

Robert: Robin, I want vou to do 7 + 2. (She -gets up and 
walks.) 

Robert:: OK; Robirt, |o what's 7+2? < 
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Robin: 9, 



he says: 



Robert does some more of these with the five children. Then 



Robert: 



I'm going to giye you your computer number line 
. that you m^de last week and your "ad^ng two" 
frash cards that y9u made. I want you to get in 
pairs and i practice' these problems and use your 
computer number line If you need to. 

Ann and Robin work together. Ann uses her computer num- 
berSlne wKh a sliding'window oh It. 



0 


1 


2 


3 


4 


5 


'6 


7 


8 


9 


10 



R<^bin, however, does her problems by adding on her fingers. 
Alan and Randy work together. Randy Is still hiving trouble. 

Randy: < Is 6 + 2 equal to 9? 

Robert: No... I seiT that you're doing it by using your 
fingers. Also don't count iup to 6... start at 6 and 
then, add-on 2. Where's your calculator (meaning 
the computer number line)? Why aren't you using 
that? 



Everyone has to follow the "counting on" procedure In the 
physical activity. The first step Is to place oneself physically on 
the first number in the addition problem. Bven if one wanted to 
count from 1, it Is prohibited by the situation. Butlwhy Is no one 
using the old algorithm as a check on the new one? The use of 
the flash cards and the computer number line provides another 
time for thp teacher to say explicitly that one kind of method 
(adding on. your fingers) gives the same answer as another (the 
computer). The following scene again involves children having 
trouble with immediate recall of addition fs^ts. The teacher now 
tries ito broaden the student's repertoire of strategies. 



Robert, tlV teacher. Is sitting at the table with four chil- 
dren. They are px^acticing the "plus 3's" with flash cards. Rob- 
ert goes around th^ tible and checks If a child can recite the 
answers quickly. If sp, that child gets a check mark meaning that 
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he or she can proceed 
answer (tl) for 9 + 3. 
talked about before-. 
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to the "plus 4's." Mark has the wrong 
Robert reminds hinfu'of the strategy they 



Robert: Remember the "secret of the 9'8?" When you add- 
to 9, you subtract 1 from the number you are add- 
ing and the answer Is In the teens. So for 9 + 3, 
subtract 1 from 3 and, get 2, so answer Is? 

, Mark: 12?' 
Robert: Good. 

Why would Robert suggest another rule without finding oUt 
which rule Mark was using? Supposedly this rule helps. But how 
is the old khowledge used in new situations? 

Robert gives some of the other children the "plus 3's" and 
then comes back and gives them to Mark again. This time Mark 
does better. He then gives them to Tim, who has trouble, so now 
Robert tries another teaching strategy. 

Robert: 4 + 3? i 

(Tim is silent.) 

Rpbertt What was 3 + 3? 

Tim: 6. » * . 

Robert: So what is 4 + 3? 
Tim: 7. * 

Robert: Good— see how yoU can use 3 plus 3 and the idea 
of one more than? 



The teacher \fi trying to show how existing knowledge can be 
extended to get new knowlfedge. This certainly is a lot closer to 
problem solving 2 because the student's "bag of^ tricks" Is in- 
creased to the point where there are too many overtapplng rules to 
be able to make automatic decisions. So it becomes necessary for 
the child to focus on chooislng the appropriate rule. 

» 

On the other hand, there still Is some lost opportunity here 
for discussing what the children's strategies were and for making 
connections between strategies. Especially relevant Is the oppor- 
tunity. In all of the prrevious scenes, to discuss equivalent meth- 
ods. That Is, uso of taps on the number line is similar to walking 
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on tht cards In that "counting dh" is tha shortcut. In fact, the$e 
br^iaf scants all show ralattdness of several different; procedures to 
get addition basic fact answers. We think It's Important to point 
out explicitly, this relatedness to the children and not to depend on 
their seeing . the relatedness themselves. However,' in the next 
section, the children do see a shortcut for themselves. But they 
also need to have the relationship clarified. 

J 



A .place value shortcut . The children are worl<ing on a worl<-. 
book page that has exercises .like the following: 



O Tens 
(blue) 



CJ Ones 
(green) 



Rose, the teacher, explains how to do the exercises. 
Rose: 



Look across this way... Chris, (how many] bundles 
of 10 in the first picture? 



Chris: 
Rose: 
ghris: 
Rose: 
Chris: 
Rose: 



Bundles! I 
1. 



Sticks all by self, not^in^a bundle? 

J ' m 

2. 

So put the number of bund le^ In the blue box 
( Rule 1 ) and the number of sticks by themselves in 
the green box. ( Rule 2 ). Now you do the page by 
yourselves. 

The children are working. ♦ 

Chris (who has completed pictures of 11, 12, 13, and 14 ^ 
sticks): . Look; it goes 1 . . .2. . .3. . .4. .fS. . . 



Al: 



Yeah, all we have to do is fill in 1 . . .2. . .3. . .4. . 



Chris and Al complete the page' very quickly by filling in 
according to the pattern. Peter hasn't noticed the pattern yet, 
and is still working by counting the whole thing Instead, of just 
the' ones. Chris and Al turn the page and do the next several 
ones like they are supposed to. Rose comes back and checks their 
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•nswers. She tells them they did well and they can go play -a 
game while the other children finish their work. 

* * * * 



The shortcut that Chris and Al "found is quite important. 
Their strategy was based on the pattern in the format of the 
page. Whether or not this was what thfe authors of the workbook 
Intended, the page could easily be completed as these boys did. 
Again, seme open . discussion of this strategy— a kind of sharing 
time with the class--would have called attention to the idea that 
thinking about strategies helps in being able to have a lot of them 
to choose" from, or to be able to put new ones together in some 
way. 

We realize, however, that opening up an explicit diiscussion of 
shortcuts may create many problems for the teacher. Other than 
the obvious problem of time constraints, there is another issue in- 
i volved here. What if some chrldren have strategies to discuss and 
others can't verbalize their own strategies? This can be both bad 
and good, of course. The ones who can't verbalize their strate- 
gies would at least learh something from the other children. And 
perhaps they would also learn that they were not alone in having 
few strategies or in not being able to s^te them. / 

Also, whenever you open uV^an/topic for student discussion 
/ you are allowing opportunities for disagreement and challenge. 
This means that teachers have to decide for themselves whether to 
discuss something or not. One has to take Into consideration what 
the topic is, who the students are In th6 class, and when the 
. discussion Is to be held. " ^ 

Planning time for problem solving 2 . We all treasure those 

moments when children get excited about the mathematics they're 

doing. If only they would occur more often! But when they do 
occur, time may have riin out. 



Carol, the teacher, \A using, bundles of toothpicks to Intro- 
' duce place value. She pJts out IX) bundles (of tpn toothpicks 
each) and 10 single sticks, f 

Carol: How many do we have? 

. Wike: That's easy, 110. 

Jeff: Right. 
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Carol : 
Al: 

Carol: 



Can you put more than; 10 bundles ^n the tens 
place? ( Rule 1 ) 

We need a hundreds place. 

Let's get a big rubber band. ^Vou sald\"one hun- 
dred", so we get one bundle.' (She use^s a thick 
rubber band to bundle the 10 bundles irtto a big 
one.) ( Rule 2 ) So what's the number-Vjust by 
looking? (She puts (^own the papers with the place 
value names as shown.) \ . 




hundreds 




tens 




ones 



Mike: 
Carol 



100 and... 10. 

Dave? (Now, sh^ puts out 1 bundle of 100 plus 
two 10 bundles and twenty single sticks in the ones 
place.) A 



(Pave counts the 140.) 
Carol: Do you need to db anything? 
Yes . I 



Jeff: 
Dave: 
Carol : 
Jeff: 



You need to always start with the ones.. (Rule 3) 

; ■ ... ► ■ 

Good, why? 

^ 

'Cause you" can change them to tens./ (Carol 
continues* to set out bundles and sticks for the 
children to figure out.) <^ 



(Daye is busy bundling sticks from the ones, place into bun- 
dles of 10 each.) 

Dave: 6 of these in the ones place. 
Carol: In the tens? 
Dave: 156. 

Carol: Correct, wonderful. * ^ 

- ' ■ * , ■ * 

She leaves the table to help a child in another part of the 
room. The boys are busily taking toothpicks and forming bundles 
of 10 and 100. She comes back. ^ 
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Jeff and Dave: This is really fun. Let's do some more. 
Jeff: I'm going to give you one. 

Carol:, Mel , ^ 

» ■ ■ 

Jeff: Let's take them all out! (He is pointing to the 

box containing about a thousand toothpicks.) 

\ 

Carol (laughs): That-would take all day! We do havCftlme 
for one moYe, 

Jeff and Dave: Ohhh... (sound disappointed). . 
She gives them one more problem. 

* * * * 



Jeff and Dave especrally have gotten involved in this activity^ 
Their excitement, however, ' gets squelched, at least for the mo- 
ment. Time limits! 

"We can't spend all day on this. Hurry up now, we have to 
move on to something else. We have to work in our books now." 
How often we all find ourselves saying things like this to our 
classes? We react like thi# because we as "teachers are constantly 
aware (ex^en if unconsciously), of the fact that there is only a 
certain . amount of time in which to do so many topics. How does 
this relate to problem solving 1 and 2? Let's stop and think about 
It for a minute. 

Remember that we djscussed the idea that at times problem 
solving 2 jnvolves extra time--time to define a problem, redefine 
It, think of strategies, and so on. Perhaps in this situation, if 
Jeff and Dave had some extra time, they would think of "skip 
counting" as a short cut to counting a thousand toothpicks one by 
one. (This could also be an opportunit/ to extend their knowl- 
edge of place value into the thousands.) Applying skip counting 
Involves some new techniques and can easily lead to conflicting 
answers. But children can work out such conflicts themselves, 
inventing other way^ to check which answer is right (Stake, 
1980). . 

Place value concepts are notorfously difficult, and teachers 
could learn how to hel^ by watching children struggle. So these 
•re some reasons for giving them the extra time. But is this so 
easy? Perhaps the bell Is g oing L o ring a nd Jeff-^d~ Da^e'wlll 
need to leave class, and go to gym . Or perhaps it Is going to be 
lunch time in a .minute or two. In i^uch cases/ giving them extra 
time at the moment would ^e impractical. Realistically, what could 
have been done? 
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' ' On* strategy would have ..been the, following. Carol could 

have said, "I 'like to see you so'^lxclted about what we're doing. I . 

wish we had some extra time right now so th^t you could explore 

some of your ideas further. But wf, don't. Can you think of 

some time when you, would be able to work on that? Perhaps we / 

can arrange things so that you can have that time." In doing so, r ^ 

Carol would be acknowledging that there might be a serious reason 

for doing what they want, and Is willing to accommodate them if 

possible. She also would not be making the decision for them, but 

rather placing it ,iri their hands to think of ways ^o getting this 

extra time, T^his could be a solution to a social problem. 

The next examples alsa^nvolve place value and its relation to 
counting. Here, we will see now an extended definition of count- 
irtg is needed. . - > 

\ Place value and counting again . What happens when children 
learn about place value and its application to money? A natural 

procedure for them to use is to count. However, as shown in the . 

following scene, counting Cars usually done by some children) can 
lead to trouble with place value. 

■r 

. * * * * 

This teacher, Jim, has been using toothpicks to get at ideas 
of place value and why we write our numbers (past 9) as we do. 
For example, he has shown that 11 is represented as being 1 ^ 
bundle (of ten) and 1 stick. He has the children practice by 
■i-i' representing a number with the toothpicks on a card like 
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tens ones 



He then tells one of the children, Alan, to put down some tooth- 
picks and have the others figure out the number. Alan puts down 
1 bundle under the "tens" and a large bunch of sin^te toothpicks 
under the "ones". ^ 

Jjm: How many ones over here? 

(All count aloud with Jirto'untll they reach 25.) > 



Jim: Alan, put 25 sticks here. Look how we write this. 
^ What is the number? 



All: 25. 
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Jim: The number ail together? 
J Alan: 125. 

Jim: po we have 125 sticks heret No, we have 1 bundle 
and 25 here. . We can only put 9 here. Every time 
we get 10 sticks what do we do? 

Paul: Bundle| It. [sic] 

-\ j Alan: But it Is 125. (He points to the 1 and says, "1 

bundle" and then to the 25 and says, "25 sticks".) 

\ J'*"- i car\ see how 'you thought that; if we took the 1 

' away ^e would get 25 sticks. 
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This is a good effort to interpret a child's error. However, 
here would be an ideal situation for asking Alan if he could find a 
way to check his own answer. 

We can also see here how the child's natural counting has 
gotten him into trouble, momentarily at least. One problerfTi? that 
Alan Is correct in saying that there are 25 sticks and 1. bundle. 
(But he doesn't know yet that It's risky to mix his counting with 
place value until you have the idea of equivalence of ten ones and 
«a bundle of tens.)' He has the idea of bundling. But, his prob- 
lem may be in thinking that it's like money, where dollars and 
cents can be sefen as two integer? rather than different place 
values. So, the definition of counting needs expansion. It's not 
that you don't count when doing place value, but that you count 
in a certain way and in combination with the decimal system for 
symbolizing large numbers. This is illii^strated in the next scene. 
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Jim: I want Chuck to make this number now. (He writes 

43 on the board. ) 

Chuck puts 4 bundles under the "tens" card as: 



tens ones 

MM0 — /// , _ 



Jim: Did he make 43? 



10... 20... 30... 4Q... 41... 42... 43. 



O.K., Alan, mak« this number. (He writes 67 on 
the board. ) 

puts out the sticks.) 

Let's see If he's right; are there 6 bundles? lo!.. 
20... 30... 40... 50.... 60...; are there 7 ones? 

Cogid go 67;or 6... 7; " r ;v| 

That's the way we make 67; put a 6 here and a 7 

here. (Jim put% down 13 extra toothpicks in tH* 

ones Diace., leaving the others that are already 
there Is that 67 now? 

No. • 

■ * ■ . , - 

So we need bundles. I'm going to give RuftK a big 
number. (He writps 92 on the board.) 

(Ruth puts out the 9 bundles and 2 sticks.) 

Jim: Let's see if she's right... 10... 20... 30... 40... 

50... 60... 70... 80. V. 9b... or you can go...l... 
2... 3.iu-t4... 5. .. 6... 7... 8.., 9. 

* * i * \ 



For 92 there are 90 sticks in the tens place, but the child 
needs to learn to write 9 not 901 The child also needs to extend 
the concept of counting to see that you can say 1, Z, 3, etc. 
(when countii\g tens), and think 10, 20, 30, etc. This procedure 
IS not as obvibus to children as it is to us adults 1 (Recall Alan's 
mistake of sayipg 125.) SO these methods of counting must be 
explicitly made tiear to show that they are equivalent and not 
arbitrary neW rules for new "work sheets." 

One problem is that, until they have more experiences with 
larger numbers, children are used to recording the numeral repre- 
senting what they have counted. So if there were 16 objects, 
they wrote 16— -no trouble. They knew how to "spell" that on^ 
without using place valup. Now they have -to learn the procedure 
of writing down only a\certain part of the numeral' and It has to 
be In a certain place I n\ relation to other numerals written down. 
Mathematics is starting to get complex 1 What happens when they 
gel lo moneyT~~Read on . ~ — — ^. ^ 



* * n ' * 
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Jim: 
(iA^lan 



Jim: : 

■f 

^ Chuck: 
Jim: 

All: ^ 
Jim: 



Jim: Instead of bundleti we're now going to use... 

Ruth: A dime. 

* * ■ 

Jim: , How marty pennies make a dime? 

Ruth: 10. ° 



Jim: 



S(}f It can be* a bundle; a dime Is^ the same is a 
bundle. v 



Ruth: So w* can count money, too. ■■^'■■i^^. 

Jim: Don't count. ..tell me What to put in the one's 
place... How manyidlmes? / ' 

Alan: 10. ' ... • 

Jim: How many dimes? or bundles of pennies? 

■ . .. ■ ■ ' •■ •■ 

Alan: 10: 

Jim: Do you see 10 dimes there? * , 

Alan: 10 pennies. 

- . \- . , 

Jim: How many dimes? 
Alani 1. 

A . ■ •■ • • . 

Jim: There's a\way of doing money without counting... 

one dime (He writes a 1 on the board.); pennies \n 
the one's place? 

■■. 

Chuck: 5., . . ' . 

Jim: Did you have to go 10... 1.1... 12... 13... 14... 
15? 

; ^ 

All: No. . . ., . • 

■> ' . ' ■ ■ ■ ■ ■ 

Jifn: Just put a 1 In the ten's p^ace and a 5 in the one's 
place. 

Alan: If i :dlme Is there, put a 10?. 

Jim: Just put a 1 'cause It's the same as 1 bundle. 

✓ 

— '■ ' ^ 3k 3k — ^ ... «* . 



/ 



Jim does refer to the "counting on" algorithm when he asks, 
•;,Dld you have, to go 10, 11, 12, 13, 14, 15?" ' And then he says; 



"Just put a 1 In th«' ten's place and a 5 In the one's place." 
Presumably this Is a third algorithm because the first two are 
-counting the whole and place •value composition. Notice how Jim 
trJes to steeJ^ t^he children away from counting as they now know 
It. It might have been better to ^•elate their counting method to 
this new way.. Then the children could tiave seen the. equivalence. 

r. ' 

But how are they to know when to use the new method and 
when not to use it? Equivalent procedures can't be established If 
the children don't check them^ out in many^ases (by seeing how 
you get the same answers). ' 

It* Is Importaiit to note how the teacher Is extending the 
children's knowledge and making corrections by relatiiig place 
value with sticks to place ^v^ilue with money. . In fact,Jt is explic - 
\t\y£ pointed out to the Children that bundles of ten are j^st like 
dimes In money. 

Now that >e've considered situations from the primary school, 
because they are mathematically simpler to discuss, -we'd like to 
consider what happens in the middle grades (around 5th and 6th 
g«"ade$), when it seem^ .that mathematics gets more and more. 
dlfficurtJ for many children. - 

What Happens When Mathematics Gets More Complex ? 

Is it the mathematics itself that has become more complex? Is 
It the way that it's taught that makes it seem complex? Is \t the 
social structure of the classroom that is affecting the complexity? 

f 

It seems to, us that many of the problems that teachers and 
students face in th# primary classroom are similar to the ones 
fated In the middle grade classroom. Perhaps, however, some of 
these' problems are Intensified. That is, the range of abilitilBS of 
tt»e children may have gotten wider because some children have* 
managed to "slide along" to 5th or 6th grade, dropping further 
and further bel^lpd- each year. And at the other end, some chil- 
dren have pregiressed in their Mathematical abilities more and more 
each year. "'Thu^v for the teacher trying to plan activities, the 
problem of individual differeiice^" is intensified. 

let's first look at some chirdreh^at this grade level and' the 
types of pf^pblems they have If^coping with the mathematical con- 
cepts being taught; The following examples, which explicitly show 
how childl^ery come to view rj^themat^ as an arbitrary set of pro- 
cedures, were take« >rem' £rlwanger's study (1974) of children's 
mathematical thought. T'^en we wlUx consider the issues involved 
with answeiirag the qileftions: Has the mathematics become more 
complex? * What Is the middle-grade teacher $ 6 do wit h children 
who ho^e these views? 

■A * , < 

£r^wanger studied. %ix children 'whom he classified as ranging 
from^de'pehdent to Independent. The figure on j^age 50 shows the 
children on this' continuum. ^ ' • » 



\ 



50 



Deptndertce (fbrmai) 



4^ 



indttpendftnce (irStuitive) 



Mat(S) N«I(S) ' Rod.(U) 
121 . 99 113 



y(S) ^ Lyn(S) Tina(U) 

\ . ■ y 

t15' 123 128 



\ 



\ 



»ln explaining his placement of thes^ children, he says, "In the 
figure, S and U Indicates successful and unsuccessful children in 
IP! (Individually Prescribed Instructloh). The numbers Indicate 
their IQ scores. The direction of the\rrow indicates roughly a 
decrease Wy the children's dependence upon the program, and a 
corr^espondinlg increase in their attempts^t\) t^lnk intuitively" (p. 

. Benny's view of adding decimals . Let's \ook at 9 couple of 
Benny's ideas. (Underlining in the original\ls /deleted hpre.) 



E: 
B: 
E: 
B: 



O.K. 
.07. . 



Npw let's try addiiUon.'. .Suppose 1° had .3+ .4? 



'\. — ■ 



Now /how do you decide that you should^have *07? 

Because you use two- decimals^ and there lis one number 
behind each decimal;" So in your answer you have to 
have two numbers behind the decimal; and you just acid 
them. (p. 57) " i<. ! 



•^*¥he problem illustrated in that excerpt is probably familiar tc 
all of us. Children havc^ been taught that, for multiplication of 
decimals, the shorjr cut in pladng the deminal point in the answer 
is to count up ther number of places In each number you're multi- 
plying. Bentiy, like so many children, seems to have confused 
this rule with addition. ^ But Benny's prpblem is not that simple, 
as $hown In this excerpt. ^ 



E: Vocir^ answer here (i.e., .3 .4) is .07 and herfe (I.e., 
^3 + 4 ) is- .7. 




\ 



t: Ybu think that's right? 

B: Because there ain't ho decimals here (i.e., 3 + 4 L 

E: You are not using decimals, But you are usFng decimals 
up here (i.e., .3 + .4); and that makes;the difference. 

(p. 57) 



♦ « « 



Bennyi knows the eijuivalences between decimals and common frac- 
tions. , But to, Benny, you can have different answers to mathe- 
matically equivalent problems. 

Mat's ideas about adding fractions . Eriwanger first describes 
^ow Mat solves 3 + 1 using two different methods. In one. Mat 

. ' ■■ ^ 3 ' ■• ■ « ■ \ 

adds numerators and then denominatorsrand gets 4 or 1. In the 

other, he- draws some circles and shades them to arrive at 3 + 1 

^ " ^ i 

equals 1. Eriwanger investigates how Mat can arrive art two differ- 
ent answers "for the same problem (p. 78). 

E. But when you did It the other way... you had 1...howl 
com^?- ' ; ^ 



M; 



I don't know! That's the way it is. 



E: What method d)d you use when you got 4? 

• 5 

i * • 

M: I. .iuh..'.added the numerators and then the (denomina- 
tors... and... that's the one they taught me... I think it 
was E fractions. 

E: How does this really work then ... that . . -here you 
are doing it one way ... 

M: (Interrupting) ' WELL it's just like these (referring 

to examples on ordering fractions, .In which Hi had 
obtained different answers] ... ybu get a different 
answer evei;;y method you use. ^ 

E: And thien how do you decide whlc^ answer Is right? 



M: It depend^ on which method you are told to use ... 
(and) ... Weil, see, sometimes they tell -you what method 
to use. Like the'ladder method in division, sometimes. 
And you use that method and you come out with the 
answer. And that's what answer is in the key, so that's 
what answer they Use. 

* * * * 



So for Mat also, you can have different answers to the same 
mathematical problems depending on what method you use. Now 
the issue also becomes involved with the "ultimate resource of 
mathematical knowl'edge — the answer key I" And since the answer 
key usually gives on\y one answer per problem, children never 
know if or when ^they have gotten an answer' equivalent to the ghe 
given in the key. Because it is rarely explicitly -discussed,, they 
assume then that the answer in the key is the ONLY answer, 
jj^ce, since the key sometimes gives answers in different forms, 
midren like Mat generalize that you can get different answers 
depending on different methods used. They mayWiot think of the 
possibility that one method might yield different but equivalent 
answers. 

' • • » • *. 

Tina's vie ws of multiplication and division . In this first ex^ 
^®''Pt/ It seems that Tina has done many wqrkbook pages ,where 
she has seen a " x " sign. Perhaps some of these pages were just 
multiplication exercises. But some of them had other purposes, 
such as having the children notice the distributive properW. 
These other purposes, though, are riot clear to clUdren. 



E: What about multiplication? 

^' , ■ ■ ^ ■ ' • - ■ • 

T: lt;s'O.K. But they teach t<$o many different , ways. 
They have this one way ... just the regular way >.. 
like B X B = '€4. But then ... they'll take it dnd say 
... 64 equals 60 times blank V.. and then 4 times blank. 
V Then down here ... ^0 times something . . . goes in this 
^ blank .....jgoes in this blank, and 4 times something goes 
\ in this blank, and then you add up and get the answer: 
^ Why can't you just do it this way [ 8 x 8 = 64 ) . : . the 
regular way. (p. 106) 



> To T]na the purbcwe of filfing in all those blanks is nonsense. 
She doesn't see how Wat relates to multiplication as she knows It. 



She has Interpreted it only as another way of doing mgltlpllcatlon! 
V Now consider how Tina thinks about dividing by 1/2. 

* * * ' * 
a was given 8 -f 1/2. 
T: Divided by a half of 8 ... I think that would be 4. 
E: What about 8 t 2? 

I ^ 

T: . Divided by 2? ... Is 4 ... Oh! A half of everything 
... like ... you take a circle or square orlsomething ... 
and you divide it In halfc . . . there's two halves . . , so 
that's 2 ... a half is always two of something ... so you 
multiply it by 2!v (p, 120)^ 

4 * * * . ^ 

* « 

What is the middle grade teacher to do? . We have given the 
above examples to show some middle grade children's conceptions 
of some of the usual mathematics done in classrooms at this age. 
What has happened to children as they've moved from primary to 
middle grades? Is U the nature of the mathematics' that has over- 
whelmed them? 

, Reading these excerpts from^ an adult's point of view Is diffi- 
cult.. We.warit to jump in immediately and try to "straighten out" 
these children. But It isn't that simple. These views of mathe- 
matics have grown and generalized since the primary grades. ' The 
child's view is nhat there are too many different and unrelated 
procedures to learn. When you try to learn more and (nore proce- 
dures, you eventually g6t some of them mixed, up with %ach other. 
SIpce we. don't yet have any JongitudlnaUijata, we can only sp6cu- 
Ute that children like those in Eriwanger's study have consistently 
dorte mathematical Activities as separate and fragmented from each 
other. If connectfons between procedures were ever made,, it was 
d6ne by the child, and those connections were never made explic- 
it. $0 the child could be inferring things similar to Benny, Mat, 
or Tina and no one finds out until it's too late. What's interesting 
Is UiBt Benny was doing very well in mathematics (In tests and 
grades) and ,his misconceptions woSid have gone undetected if no^ 
for Eriwanger's studying him! 

f ■ ■' . 

I deal I St leal I v one would siy that teachers should keep tr^ck of 
what .each child knows and doesn't -know. But realistically teach- 
ers know that this Ideal Is hard to meet. Small s^0ps,can be 
taken, perhaps. As we have noted, teaching children how to 
check their own answers by using different methods Is one way| 




Th«n, jf answer? don't check, the children Can either receive help 
or can be encouraged to solve the problem* of why they don't 
check. 



Middle grade t4achers, like primary grade ones, need to ex- 
P^^fc'tly rfelate different methods and lessons to each other. (Note: 
Some could say that Eriwanger's studies were "unusual" in the 
sense that the classes were using I PI materials. But when we 
read these examples, we can think of similar children we've seen 
in regular classes who have these same conceptions of mathemat- 



ics. ) 
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Conclusions . / . ' 

^Recent concerns over declining*' probfem >s6lvlng skills, while 
computation scores . remain good, 'have led some to say that there's 
too much emphasis on-^ack to baslcsj' But, from our exam'ination 
of numerous elementary school mathematics classes, we feel that 
It'^ not that simple. • can't tell teachers to forget computational 
sk^ll emphasis when they are being pressured by societal mandates 
..to emphasize those skills. It is important to be able to dp both 
what we've called problem solving i and problem solving 2. Our 
best students are the ones who know intuitively when it's appro - 
P^'yc to use which skills, and can integrate problem solving 1 
techniques with problem solving 2 techniques. We need explicitly 
to help aM students learn this appropriateness. And this may 
involve our explicitly giving Instruction in what mathematically 
bright students learn on their own, for 'example, finding short- 
•cuts, connecting procedures and methods, using patterns to ex- 
tend knowledge, and seeing the relateclniess that makes mathematics 
far from an arbitrary collection of rules. 

Whether teachers use activities, individual instruction, entire 
class instruction, or -whatever, is not that important. We have 
shown that increasing problem solving 2 doesn't necessarily depend 
on the method being used. What appiears to some as inherently 
problem solving 1 may really be problem., solving 2 already. So 
what seems to be an activity can actually be a rule-oriented lesson 
or what seems to be rote, algorithm learning can actually be, in 
some respect, creative problem solving. 

We . have also illustrated, both social and mathematical examples 
of problem solving 1 and 2. Our classroom observatipns have 
cojjivinced us that the connection between the two is strong, but 
we're not sure exactly what itfvis.' Perhaps the following example 
will help us see this connection more clearly. We are thinking of a 
college student who . was stunned to discover that to answer all the 
questions on a test, and thus have a chance at an A, he could rtot 
possibly follow the directions that, said "compute" or follow other 
complex procedures specified. The "A" students followed another 
strategy: -First reM all of your possible choices and then work on 
trying to elimihate some of those choices. Then if--and only 
if--you have' to, solve the original problem. Strategies like this 
are not usually discussed with students; they are left on their own 
to discover them, . 

With this student, /the. social problem solving (of always fol- 
lowing directions) led to mathematical problem solving difficulties; 
He couldn't bci successful in solving mathematical problems because 
he had never seen srn||^uts. 

We hfive emphasized the stJ^ategy of teaching children to 
check answers (using different procedures) as one way of combat- 
ing the view that mathematics is a set of arbitrary rules ^ It seems 

\ 
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to us that th«r« ar^t many good ways of .combating this view, In- 
cluding using calculators to. chfiCk answers (Morris, 1978). The 
. problam Is to c^jltivate the habit of looking for* 'such ways. 

In closing, we would like to .4hare some pf the thoughts and 
problems we had to solve during' the writing of this . paper. We 
began wltn the. idea of presenting some true-to-llfe classroom 
scenes — ones in which we have actually participated. We thought 
we would then show^ow some improvements, could be made that 
would bring more of the creative type of problem solving into 
everyday classroom activity. Sounds simple? At least In the 
beginning It did.j Then we started talking with each other aboyt 
these scenes and about what changes COULD realistically be made. 
Even, the slightest change, from OUR perspective, became a major 
change when we thought about it from the teacher's perspective. 

We like the following statement from Philip Jackson (1977), 
which is in reference to knowledge accfuisition In the classroom 
being viewed as both disarm'ingly^ simple and frightfully complex at 
the same time. Ev^n though it refers to classrooms In general, we. 
feel It can just as well apply 'to mathematical problem Solving. 

What Is djsarmlngly simple, I suspect, rs the advice we 
have to give teach6rs On the basis of whart we have 
learned to date abjout the teaching and learning process. 
What is frightfully complex is our emerging understand- " 
,^4ng, in a theoretical or scientific sense, of how and why 
things work as they do. The simple and complex, . 
therefore, ars__ailached to quite different domains of. 
Intel lectUatconcerns. ■ "A||| researchers, who are often 
tempted to slip intp tnre roTe of advice givers, we would 
do well to keep the distinction in mind. (p. 402) 

Perhaps in this paper we tried to give sorrte advlcevand some 
discussion of understanding the situation. Whether or not doing 
both was appropriate, we leave to the reader to decide. We do 
hope the readeH feels that we have been somewhat helpful in both 
aspects. We jvould appreciate Clearing from teacher readers and 
receiving comments ori this paper. We would also like to promote 
more discussion between practitoners and researchers. In doing 
so, perhapi we can come closer to helping teachers in solving the 
multitude, of classroom probtemsr^: -',' ' 

The reader may finish and be disturbed about seeing in print 
the realistic scenes and the difficulties 6f "making any' substantial 
change within them.' Why? Seeing classroom events written down 
makes It possible to think hard about them. And seeing the 
realities of classroom lif^ may leave us feeling the futility of the 
classroom situation today. We try to help children, but see that, 
as much as we try, children still heed more help! - We seft that our 



i<kais get compromised when yye are In the cl"assroom. This is 
disturbing because we don't like to think that we aren't living up 
to our ideals. 

But we can view these disturbing feelings at being positive 
recognitions ofa problem. Once "reality" is out in the open, we 
can face it and try to do something about it. 

A problem, however, is that when teachers want to improve 
things, they are usually handed seemingly "simple" advice. We 
hope that our advice isn't seen as simple, but as. calling for the 
detailed reworking of instrumental practice in such a way that 
every little step makes sense and encourages another little step. 
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This is a collection of articles ranging from the history of 
. early childhood mathematics curricula to papers, such as the 
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presents a lot of practical ideas. 
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PRACTICAL POiNttRS WHIQH CAN frE fOUND IN THE VEXT 

Case reporUd of : ^ ' Page No 

A teacher synchronfrfng thoughts with a pUpil 28 ^ 

A teacher st|Cwing the "counting on" shortcut* 

by tapping . 36 ' 

A teacher facilitating "counting on" with motor actiqn . . /- 38 
A teacher acceptibg^one child's Interpretation of ' 

another child's'^rror ^ ..... . 38 

A teacher buildingf on knowledge of doubles, 

3+3=6 to get 3t4=7 40 

Childl"en finding a shortcut in place value composition ... 41 

A teacher interpreting a child's error 46 

A teacher trying to get chijdren to use place • ♦ 

value In counting ........ .* . . . : 43 

A teacher relating bundles of tens to dimes 49 

^ • ■ : ■ 

Opportunity reported for : " ^ ^ 

Asking a child, who is corr«fct, how the problem wias 

done or if he could do it another way 27 

Children^ to understand through checking their 

own answers . .>».,.. 31 

The teacher to "step aside" and let children solve. 

a problem . : ' , . ' 33 

The teacher to withhold showing children a procedure ... 34 
Extending knowledge f'roril ^+2=4 and 3+3=6 to 2+3=5 

and 3+5=8 . ; 37 

Extending knowledge from 6+2=8 and 26+2=28 ........ 31 

Extending knowledge from 10+1=11 to 20+1=21 

and' 10+21=31 .' 34 

Extending knowledge from 3+2-5 and 5-3=2 to 

15-2=13 and 222 + 333 = 555 34-35 

Discussing a shortcut to combinations for 11 36 

Discussing how children found their answers . 36 

Presenting a challenge to find a quicker way to 
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Combining drill and practice with teaching a shortcut 37 

Using f^ash cards and a number line to ch^ck answers ... 39 

Checking a child's old rule before giving him a new one. . *. 40 

Iscussing equivalence of two models for "counting on" ... 40-41 

Discussing children's own shortcut . 42 

Planning time for problem solving 2 .* . 44*45 

Extending counting to Counting tens ^ 47 
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